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ABSTRACT

A random polynomial is a polynomial whose coefficients follow some probability dis-
tribution. The fundamental questions that need to be studied are the distribution and
correlations between zeros, pairing between zeros and critical points, distribution values,
and nodal surfaces. The computation of the average distribution of real zeros of random
polynomials was studied by Bloch and Pélya, Littlewood and Offord, Erdds, Kac and oth-
ers. For standard normally distributed coefficients, the expected density of real zeros is
given by Kac’s exact formula. The famous result due to Hammersley asserts that, when
the coefficients are complex independent standard normal random variables, the zeros of a
random complex polynomial largely tend towards the unit circle as the degree approaches
infinity. For complex zeros, the expected density was dealt with by Shepp and Vanderbei for
real independent and identically distributed normal coefficients. Their technique exploits the
argument principle and Cholesky factorization to reduce the question to the evaluation of a
holomorphic function of four correlated normal random variables. Their results were gen-
eralized by Ibragimov and Zeitouni to a wide class of distribution of coefficients. Recently,
Vanderbei extended the results he obtained with Shepp to random sums with holomorphic
functions that are real-valued on the real line as the basis functions. Our interest in this dis-
sertation is to refine the techniques of random fields pioneered by Rice in his treatment of the
questions on real zeros to obtain exact formulas for the expected density of the distribution
of complex zeros of a family of random sums, such as truncated random trigonometric series

and random orthogonal polynomials on the unit circle. We further study the level crossings
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and answer the question about the expected number of complex zeros for coefficients with

nonvanishing mean values and distinct variances.
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CHAPTER 1

INTRODUCTION

A random polynomial is a polynomial whose coefficients follow some probability dis-
tribution. Since the coefficients are random variables, it is of interest to study how the zeros
of the polynomial are distributed. The problem of characterizing the distribution of zeros
of random polynomials has a long history, starting with the work of Bloch and Pélya [10].
Kac [34] was the first to study the distribution of real zeros of random polynomials whose
coefficients are real standard normal independent random variables. He obtained an exact
formula for the expected value of the number of its zeros in measurable subsets of the reals.
The distribution of the number of real zeros of random polynomials was further studied by
Bharucha-Reid and Sambandham [9], Edelman and Kostlan [20], Farahmand [26,27], Farah-
mand and Jahangiri [29], Kostlan [35], Mezincescu, Bessis, Fournier, Mantica, and Aaron [41]
and many others.

Shepp and Vanderbei [48] developed a remarkable technique based on the argument
principle and Cholesky factorizarion for extending Kac’s result to the complex plane. They
obtained exact formulas for the expected number of complex zeros in measurable subsets
of the complex plane, when the coefficients are real standard normal independent random
variables. Their computer plots of the density functions and empirical distributions from
randomly generated polynomials show that, as the degrees of the random polynomials be-
come large, the zeros appear to be approximately uniformly distributed around the circle.
Their asymptotic analysis of the density functions confirm the classical result due to Ham-
mersley [32]. Ibragimov and Zeitouni [33] employed a different method, based on the math-
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ematical theory of random noise developed in a notable paper by Rice [46], to obtain the
results in [48]. They also showed the limiting distributions of the density functions under
more general distributional assumptions.

In recent years, research on random polynomials has branched off in a number of
directions. The zeros of many ensembles of random polynomials have been found to be
asymptotically equidistributed near the unit circumference. Pritsker and Yeager [43] pro-
vided quantitative estimates for such equidistribution in terms of the expected discrepancy
of a certain zero counting measure and the expected number of zeros in various subsets of
the complex plane. The random polynomials they studied have coefficients which may be
dependent and need not have identical distributions.

Vanderbei [52] later introduced a modest generalization to the central assumptions
underlying the results in [48]. He showed that comparable exact formulas for the distri-
bution of the zeros in the complex plane can still be obtained for any value of the degree
of the random polynomial. For many years, most authors establish certain properties of
the zeros under very general distributional assumptions at the cost that most results hold
asymptotically only as the degree of the random polynomial tends to infinity.

Inspired by these works the aim of this dissertation is to study the expected density
of the complex zeros and level crossings of these random sums. The main device for treating
the expected density function throughout the complex plane is the Rice formula, which
provides a representation for the expected number of zeros of certain random fields. Our
computations and method of proof [11-14] are done in the spirit of the study conducted by
Ibragimov and Zeitouni [33].

In Chapter 2 we compute the expected density of complex zeros and level crossings of a
family of random sums constructed from sequences of independent and identically distributed
random complex standard normal variables and sequences of given holomorphic functions

that are real-valued on the real line as the basis functions. Several practical examples are



considered, such as random Weyl polynomials, random root-binomial polynomials, random
truncated Fourier sine and cosine series. In addition, we consider random sums whose basis
functions are polynomials orthogonal on the real line and unit circle. We then obtain the
limiting behavior of the expected density function and produce numerical computations
for the density function and empirical distributions. In Chapter 3 we compute the expected
density for the case of mean zero and general variances. We apply this result to random sums
constructed from sequences of successive observations of a Brownian motion. In Chapter 4
we consider the basic question about the expected number of complex zeros for coefficients
of nonvanishing mean values and general variances, thereby generalizing the key results from
Chapters 2 and 3. This process can get very involved technically. Only the main steps are
provided. In Chapter 5 we consider the expected density and level crossings for a certain form
of a random complex trigonometric polynomials. Finally, the expected number of complex

zeros in a measurable region of the complex plane can be obtained from these results.



CHAPTER 2

THE DENSITY OF COMPLEX ZEROS OF RANDOM SUMS

Let {a;}}, and {b;}}_, be sequences of mutually independent and identically dis-
tributed (i.i.d.) random real Gaussian variables defined on the complete probability space
(Q, .7, P), with each sequence normally distributed with mean zero and variance one. As
usual, ) is a set with generic elements w, .% is a o-field of subsets of 2, and P is a probability

measure on % .

Throughout this chapter, we shall assume that all sub o-fields contain all
sets of measure zero (see [19]). Let {f;(2)}}_, be a sequence of given holomorphic functions

that are real-valued on the real line. Furthermore, let us define the random sum

Sn(z) = anfj(z), (2.1)

where z is the complex variable z + iy, and the n; are i.i.d. random complex Gaussian
variables (with density e™#*/m) given by n; = a; + ib; for 0 < j < N. Suppose that ® is
a compact subset in the complex plane C. We denote by vy g (®) the number of complex
zeros in ® of the random sum Sy(z) with respect to the complex level K = K +iKs, where
K, and K5 are constants independent of z. We do not assume necessarily that the scalars
K, and K, are equal. From [26,29,36,54] (see, also, Equation (8.17) in [27]), we see that,
with probability one, the value of the density function hy x(z) for multivariate Gaussian

coefficients is given by

Evn 1 (®) = /q) h (=) dz, (2.2)



where &vy i (P) is the mathematical expectation of vy g (®). Thus, hy k(2) is the expected

density of the complex zeros of the random equation
S N(Z ) =K.

Shepp and Vanderbei [48] wrote a beautiful paper on the complex zeros of the random
polynomial Z;y:o n;27, where the n; are i.i.d. random real Gaussian coefficients. In their
paper, Shepp and Vanderbei introduced a sophisticated method based on Cauchy’s argument
principle for producing an explicit density function for the complex zeros. The method uses
the Cholesky decomposition for representing correlated random Gaussian variables in terms
of uncorrelated (and hence independent) random Gaussian variables. Shepp and Vanderbei
generated computer plots of this density function and hundreds of thousands of zeros from
randomly generated polynomials that show that, as the degree N becomes large, the zeros
tend to lie very close to the unit circle and, when the real zeros are ignored, appear to
be approximately uniformly distributed around the unit circle. Their asymptotics for the
density function confirm the classical result due to Hammersley [32].

Ibragimov and Zeitouni [33] obtained the results in [48] using a different method,
based on an integral representation of the average number of zeros of a random field. Fur-
thermore, Ibragimov and Zeitouni demonstrated the limiting distributions for the density
function under more general distributional assumptions.

In later work, Vanderbei [52] introduced a modest generalization to the central as-
sumptions underlying the results in [48] and showed that comparable explicit formulas for
the distribution of complex zeros can still be obtained for any N. Following the same general
methodology given in [48], Vanderbei derived analogous explicit formulas for the density of
complex zeros of the random sum Sy(z) for the case when the n; are i.i.d. random real
Gaussian coefficients, and the f;(z) are given holomorphic functions that are real-valued on

the real line.



In this chapter, we shall continue the line of investigation begun by Vanderbei and
study the number of level crossings of the random sum Sy(z) when the 7; are assumed to be
i.i.d. random complex Gaussian variables. To consider this challenging general case, we shall
employ a multivariate analysis approach based on results due to Adler [1], which provide
a representation for the expected number of zeros of certain random fields. The method
of proof was first applied by Ibragimov and Zeitouni [33]. Our main result generalizes the
density function obtained independently by Yeager [54] and one of the authors [36] to nonzero
K. (See the remarks in [48, Section 6] and [52, Section 4].) Its proof exploits the assumption
that the holomorphic functions f;(z) are real-valued on the real line. By Schwarz’s reflection
principle (see Ahlfors’s classical book [3, pages 172-173]), these holomorphic functions have

the property that f;(Z) = fj(z) for 0 < j < N and all z € C. Their derivatives also have

this property.

THEOREM 2.1 Let the density function hy k(z) be defined by (2.2). Under the conditions

imposed on the random sum Sy(z) and the sequences {n;}}_y and {f;(2)}}Ly in (2.1), for

all integers N > 1 we have

—(K3?4+K3)/2Bo,n(z) B 2 K2 + K2

e z

hy x(2) = BZN(Z)_M 1 L2

WBQ,N(Z) BQ,N(Z) 2B07N(Z)

where the kernels B, y(z) for 0 <r <2 are given by

N N N
Bon(2) = Y _|f;(2)Fs Bun(z) =Y [i(2)fj(2), Baw(2) =Y _|fi(2).

=0 =0 =0

The value of the density function hy g (2) is expressed in fairly simple terms, in that
we can clearly see its form of dependence on K. Its form is reminiscent of Farahmand and

Jahangiri’s [29, Theorem 1] expected density for the random polynomial Z;V:o n,;9;%" with



respect to K, where the g; are given real constants. (See [26,27] for the case when g; = 1.)

From Theorem 2.1, we have the following consequence.

COROLLARY 2.1.1 For any vector K restricted to a circle of radius K > 0 and for all

integers N > 1 we have

—K?/Bo n(2) 1By n(2)[? K2
(& 1.N\Z

h =—— (B — ’ 1—

Nk (%) T Bon(?) 2,n (%)

Immediate by Corollary 2.1.1 is the following consequence, which was proved inde-

pendently by Yeager [54] and one of the authors [36].
COROLLARY 2.1.2 If K is the zero vector, then for all integers N > 1 we have

hN’O(Z) _ BO?N(Z)Bijg(EfV)(;)lBLN(Z)| .

In Section 2.1, we shall prove Theorem 2.1. In Section 2.2, we shall use the formula
for the density function hy k(%) in Theorem 2.1 for the special choices of f;(2) to study its
limiting behaviour as N tends to infinity. This shall demonstrate how the zeros of the random
equation Sy(z) = K are clustered in the limit. In Section 2.3, using the appropriate forms
of the Christoffel-Darboux formulas, we derive the density functions for the complex zeros of
orthogonal polynomials, with the orthogonality relation being satisfied on the real line and
the unit circle. These random polynomials have been studied by many authors, including
Das [15], Lubinsky, Pritsker, and Xie [39,40], Yattselev and Yeager [53], and Yeager [54,55].
In connection to these works, we are led to study the density functions for their complex
zeros with respect to K.

Finally, we remark that the method introduced by Shepp and Vanderbei [48] could

be applied in many circumstances. Their method could be modified to produce the number



of K complex level crossings. Furthermore, working with real coefficients, in fact, makes the

analysis more complicated. This will be addressed in a future work.

2.1 The Evaluation of the Density Function
We shall begin the proof of Theorem 2.1 by letting X; xy and X,y be the real and
imaginary parts of the random sum Sy(z), respectively. For convenience in computation,

we shall write

f](z) = UJ'(:U?y) + in($,y),

where u;(x,y) and v;(z,y) are real-valued functions of (z,y) € R?. We have

Sn(z) = Xain +iXon,

where
N
Xin = (aju; — bjvy)
§=0
and
N
X2,N = Z(CL]'U]‘ + bjuj)-
j=0

In our application of Adler’s theorem, we need to find all real and complex zeros of Sy(z) =
K. They are the zeros of the random equations X; y = K; and Xy = K; for (z,y) € R

For the sake of brevity, we let X 5 be the two-dimensional random field of the real and
imaginary parts of the random sum Sy(z) defined by the column vector X v = (X n, Xon)',
and we denote the Jacobian matrix of the transformation (z,y) — (Xin,Xon) by the

matrix VX y of the first-order partial derivatives of X y with respect to x and y, namely,

IXix OXon
8(X1 N X2 N) ox ox
VXy= —321""" =
N O(z,y) 0Xin 0Xon
dy dy



Let ® be a compact subset in the complex plane C containing not more than a finite
number of points such that X y = K, where K = (K7, K5)'. We assume that the boundary
0P of ® does not contain any points for which X y = K and ® does not contain any points
satisfying Xy = K and detVXy = 0 at the same time. It is clear that the number of
points is finite, as N is fixed. The two former conditions are satisfied in the problem setup.
Since the set of points for which Xy = K is of measure zero, the latter two conditions
are satisfied almost surely. It is easy to check that the conditions in Theorem 5.1.1 and
its Corollary in Adler’s classical book [1, pages 95-97] hold (see, also, the papers by Azals
and Wschebor [6] and Ibragimov and Zeitouni [33]). Hence, the density function hy k(%)
for multivariate Gaussian coefficients given by (2.2) can be expressed through a conditioned

expected value given by

hni(z) = E(|detVX y| | X1 v = K1, Xon = K2) px, x50 (K1, K2)

= E(|detVX n| | Xy = K)px, x5 (K'), (2.3)

where px, y.x, 5 (K') is the two-dimensional joint density function of the random vector
X . Since detV Xy is always nonnegative, let us eliminate the absolute value sign from
future occurrences of the extreme right side of (2.3) in the evaluation of the density function
hn k(2).

We now find the determinant of VX y. It will be convenient to first use the Cauchy-
Riemann equations to rewrite the expressions for 0.X; /0y and 0X5 /0y. In order to obtain
the conditional expectation of |detV X x| on the extreme right side of (2.3), we separate the

diagonal terms from the cross terms in the random determinant detVX . It is an easy



computation, and with a little algebra we find that

N N
Ou, ov; ov; 8uj
ZO <aﬂ Oz bfa:::) Zo(a”a arr
detVXy =" "
ov; Ou, Ou, vj
Z( “or ]895) Z(%ﬁx bja:v
7=0 7=0
N N
B Ou, auk O0v; Oy,
- ZZ{(W’““’ ) (a x| on 8x>
§=0 k=0
Ovj Ouy,  Ouj Oug
H(ab, = bya) (ax or a_a_)}
N 2 2
ou ov;
= 2 42 7 )
_Z(a3+b]){(6$> + (ax) }
7=0
N N
Ou; Ouy, ~ Ovj Ouy,
22 {< w00 (52 5+ 5 )
7=0 k=0
k#j
Ov; Oug Ou; Oug

Thus, the evaluation of the density function hy k(2) leads to the computation of the expected
value of a quadratic form detV X y of i.i.d. Gaussian random variables, conditioned on two
linear combinations.

In the following, we obtain the vectors of conditional expectations, variances, and

covariance matrices of the multivariate random vectors ay = (aq,...
/
(bo,...,bN) .

Anderson [4] and Tong [51]), based on the assumption that all the scalar random variables

,ay) and by

From standard methods in multivariate analysis (see the classical books by

involved are independent and normally distributed, we define

EaNanxN EthbN,XN

COV(CI,N,bN ‘ XN = K)

EbNaN,XN EbNbN,XN

10



and

Elan | Xy =K)=Eay + ZayxySx x,, (K —EXN), (2.6)
where
Sanby.Xy = Banby — Day Xy Dxy Xy SX vby (2.7)
and
Yooy = E(ay — Eay)(by — Eby), (2.8)

which is a generalized covariance matrix of the vectors ay and by. Whereas the distribution
of the a; and b; is central, we have &ay = 0, &by =0, and X y = 0.

From (2.8) and the assumption of the theorem

by :f(aN—é"aN)(aN—é"aN)’:éDaNa’N:IN, (29)

anNan

since the a; are distributed according to an .47(0,1) distribution and

1 ifj =k,
Eajay, = (2.10)
0 if j #k.
In a similar fashion, from (2.8)
Since
Ea;by =0, (2.12)
we have
EaNbN = (g)(aN - éaa'N)(bN - Cg)bN), - Cg)aNb/ =0. (213)

11



It follows that

Spvay = 24 pe = 0.

anby
Now, from (2.10) and (2.12)

N

éaanl,N = Z(é"(ajak)uk — éa(ajbk)vk) = Uy
k=0

and
N

EaiXon = Y (E(aja)or + E(ajby)uy) = v;.

k=0

If we apply (2.15) and (2.16) to (2.8), we obtain

2GNXN = éa(a’N - gaN)(XN — éBXN)/ = (O@CLNX/N

(5@@0X17N éaa()XZN U Vo
(gj(llXLN éaa/lXQ’N U1 U1
gaNXLN éaCLNXZN un UN
Thus,
Up U1 ... UN
N / JR—
EXNGN - EO,NXN -
V9 U1 ... UN

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Proceeding as above, using (2.10) and (2.12) with the obvious substitutions, we obtain

N

Ebi Xy = Y (Ebjan)ur — E(bbr)vr) = —v;

k=0

and
N

Eb;Xon =D (E(bjar)vi + & (bbr)ux) = ;.

k=0

12

(2.19)

(2.20)



Then applying (2.19) and (2.20) to (2.8), we get

Sovxy =E(by —Eby) (XN — EXN) = Eby Xy

Ebg X1 n  EbyXo N —Vp Ug
glel,N gleZ,N —U1 U1
= = . (2.21)
(gabNXl,N éabNXQ,N —UN UN
Hence,
, -V —V1 ... —UN
Yx by = EbNXN = . (2.22)
Uo Uq Ce un
Again, we use (2.8) to obtain
EXNXN (éﬁXN—g)XN XN—cg)XN>
EXinXin EXinXon
(2.23)

EXonXin EXonXon

We compute that

N N
(ggXLNXLN = Z Z Uy — b; vj)(akuk — bkvk)
=0 k=0

J

N
Z (a;ap)ujuy, + & (bibg)vjvr, — & (azby)ujvy — & (bjak)viuk)
0 k=0

(u? +2?) ZVJ . (2.24)

Mz

.
Il

Mz

.
Il
o

13



We get, similarly to (2.24),

N N
Cg)XZ,NXZN =& Z Z a;V; + b; U])(ak’()k + bk’l)k)
=0 k=0

J

N
Z (ajap)vjvp + & (bjbr)ujur, + & (ajby)vju, + & (bjak)ujvk)
k=0

(u? +0?) nyj . (2.25)

Mz

T
o

Mz

<.
Il
=)

Furthermore, we have

N N
éaXQ,NXl,N = éaXLNXQ,N =& Z Z a;Uj — b; ’U])(ak;’Uk; + kak)
=0

J=0 k

N
Z (ajar)ujvr — & (bjbg)vjug + & (a;by)uuy, — cr,‘f’(bjak)vjvk)

k=0

hE

T
o

] =

(Uj’l]j — Ujlbj) =0. (226)

.
Il
=)

Then combining (2.24)—(2.26) in (2.23), we obtain
N
Xxyxy = Z|fj<z)|2I2'

Jj=0

We note that the existence of the density function hy i (z) depends on the evaluation of the
covariance matrix Cov(ay,by | Xnx = K), which in turn depends on the existence of the

inverse matrix 33 . This is guaranteed, since
XnNX N ?

N
det|Zx x| = Z‘fj(z) ?
=0

14



Thus,
< Iy (2.27)

b = )
XXy \/det]EXNXN|

Moving now to the components of the covariance matrix given by (2.5), we obtain

the results for the jth row and the Ath column. Let d;, denote the Kronecker delta, that is,

1 if j =k,
0 if j # k.

61 =

From (2.7), (2.9), (2.17), (2.18), and (2.27)

—1
(Bayanx3)1<<N = (Bayay ) 1<<N — (Bay Xy X x Xy DX vay ) 1<j<N
1<k<N 1<k<N 1<k<N

o ujug + V0 (2 28)

pu— 6k .
’ \/det|EXNXN’

From (2.7), (2.11), (2.21), (2.22), and (2.27)

—1
(Bbnby ) 1< — (Boy Xy Bx Xy DX wby )1K<N
1<k<N 1<E<N

UjU + UV (2 29)

=5 — .
! \/det|ZXNXN|

From (2.7), (2.13), (2.17), (2.22), and (2.27)

(EbNbN,XN)1<

<j<N —
1<k<N

<
<

—1
(Banby.xn)1<i<N = (Bayby )18 — (Bay Xy Zx y Xy DX by ) 1<j<N
1<k<N 1<k<N 1<k<N

ujvk — vjuk (230)

B \/det|EXNXN]'

From (2.7), (2.14), (2.18), (2.21), and (2.27)

(Boyan.xn)1<i<N = (Boyay)1<j<v — (Boyxy Exy x4 EXvay)

1<j<N
1<k<N 1<k<N <

1<k<N

15



_ W T Uk (2.31)

\/det|EXNXN|

We next find the necessary conditional expectations for computing &(detV Xy |
X n = K). The conditional expectations of ay and by are easily derived, respectively, from

(2.6), (2.17), and (2.27) as

(&(a; ] Xy =K))icjen = (BayxyExyxK)1<j<n
K1Uj + KQ’Uj

- (2.32)
\/det|2XNXN|
and from (2.6), (2.21), and (2.27) as
(&) | X =K)igjen = (BoyxyBx, x, K)i<jen
_ Mawy — By (2.33)

V det‘EXNXN’

We derive from (2.32)

(&(a; | Xn =EK)h<jen = (6(a; | Xn = K))icjen + (Var(e; | Xy = K))i<jen

_ I(%’U,j2 + KQQ'UJQ + 2K1K2'Uj’l}j 1 B U? + ’UJZ (2 34)

+
det|EXNXN| V detszNXN‘

and from (2.33)

(&7 | Xy =K))icjen = (E(b; | Xy = K))icjen + (Var(b; | Xy = K))1<j<n

_ K22u3+K12UJ2 —2K1K2Uj7}j 1_ U?+Uj2 (2 35)

+

By virtue of (2.34) and (2.35)

K? + K3)(u? + v? 2(u? + v?
(E(@ 1| Xy = K)oy = DT R0 H0) ) 25 H0) g

16




Next, using (2.5) and (2.28)—(2.32), we get

(&(ajar | Xn = K))i<jen = (8(a; | Xy = K))i<jen (E(a | Xn = K))1<k<n

1<K<N
+ (Cov(aj, ar | Xn = K))1<j<n
1<K<N
B Kiujuy + Kivjog + K1 Ko (ujvg + vjuy)
o det|EXNXN]
UjU + VU

V detIEXNXN|.

Using (2.5), (2.28)—(2.31), and (2.33), we find

(2.37)

(&(bjby | Xy = K))i<j<n = (E(bj | Xn = K))1<j<n (€(bx | X v = K))1<k<n

1<k<N
+ (Cov(by, b | X v = K))1<j<n
1Sk<N
 KJujup + K{vju, — Ky Ko (ujv, + vjug)
a det|ZXNXN|
UjUg + V;Vg

\/det|2XNXN|.

(2.38)

By virtue of (2.37) and (2.38)

K? + K2)(u;ug, + viv 2(ujuy + vv
(é”(ajak+bjbk|XN=K))1§J‘§N=( . 2 (gt o) 2ugui + o k)- (2.39)

1<k<N det’EXNXNl \V det|EXNXN|

Next, we derive from (2.5) and (2.28)—(2.33)

(&(ajby | Xn = K))i<jen = (&(a; | Xy = K))i1<jen (E(br | Xn = K))1<k<n

1SkSN
+ (Cov(a, by, | X v = K))1<j<n
1<kSN
K Ko (ujuy, — vjup) — Kfujo, + Kjvjug
B det|EXNXN|
U;VE — VU

+
\/det|EXNXN|
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and

(&(bjar | Xy = K))i<jen = (£(b; | X v = K))i1<jen (E(ar | Xn = K))1<k<n

1<k<N

+ (Cov(bj,ar | Xy = K))1<j<n

1<k<N

KlKg(ujuk — UjUk) + KngUk - K%vjuk

det|2XNXN|
L (2.41)
\/det]EXNXN|
By virtue of (2.40) and (2.41)
K?2 + K2)(v;uy, — u;v 2(u;v, — viu

(éa(ajbk_bjak | XN :K))1<j<N ( 1 2)( J Yk J k) ( 3 Vk J k) (242)

1<k<N detszNXN‘ V det’|2XNXN|

It remains to evaluate the conditional expectation of the random determinant detV X y.

From (2.4), (2.36), (2.39), and (2.42), it emerges from an arduous calculation that

é"(detVXN|XN:K)

al ou; \ v \°
2 2 — ¥ -3
jzoéa(aj+bj]XN—K){(ax) +<8$) }
N N
B Ou; Ouy, ~ Ovj Ouy,
+ZZ{ | X = K (G2 25 )

=0 k=0

al o Ov; Quy, — Ou; Ouy,
+ZZ (a0 = bjax | X = K) dr dx  Or Ox

K? + K3 )

N
2
jzo| J( ) <\/det’2XNXN| det|Xx x|
N N
ou; 8uk 0v; Ovg,
X ZZ{(ujuk—i-vjvk) (8 J 812 + F&?%)

=0 k=0
8vj 8uk (‘3uj 8vk
st = ujve) (6’:6 or  Or Ox ) } ’

18



An uninspired calculation then shows that the double sum on the extreme right side can be

reduced to
N N
8Uj 8vj auk E)vk
>Y (w52 +u52) (w5 +uf)
N N
c%j 8uj 8vk 8uk
t2 2 (w52~ 052 ) (w5 -5

2 2

N N
B Ou, ov; ov; Ou,
B Z (u] Ox T 8:6) * ; (u] or oz

Thus,

é(’(detVXN|XN:K)

2 / - / 2 —Z (5

2

=

K? + K3
det|EXNXN|

For definiteness, we recall from [31, Chapter 10] (see, also, [51, Chapter 2]) that the joint
density of two random real Gaussian variables X; y and X, y at the points K; and Kj,

respectively, is equal to

1 Ky —EX))2 + (Ky — £X,)?
le,N7X2,N<K1aK2): exp (_( 1 : 1) ( 2 2) ‘

2m0%\/det|Ex x| o2y/det|Ex x|

19



In our case, the conditions &X; = 0, X5 = 0, and 02 = 1 apply. Thus, we have

1 K2 —|—K2
Pxi n,Xon (K/) exXp <_ L 2 ) . (244)

B 27\/det|2XNXN| V det|EXNXN|

By virtue of (2.3), (2.43), and (2.44), upon simplifying and applying the formulas for the

kernels B, y(z) for 0 < r <2 in Theorem 2.1, the required result follows.

2.2 The Asymptotic Analysis

It is well known and, for example, Farahmand [21] has shown that, for large values
of N, the real zeros of random polynomials with real coefficients are clustered about +1.
(See, also, Bharucha-Reid and Sambandham’s book [9].) In order to understand better
the behaviour of the density function hy g(z) in Theorem 2.1 as N tends to infinity, we
define special values of the functions f;(z). Indeed, we are restricted to the cases that the
evaluation of sums in Theorem 2.1 becomes analytically feasible. To exhibit the numerical
behaviour of the density function hy i (z) and the zeros of the random equation Sy (z) = K
for various values of N numerically, we used the general computing environment Wolfram
Mathematica® version number 12.0.0.0 developed by Wolfram Research for the platform
Mac OS X x86 (64-bit), which ran on the Apple Mac Pro (late 2013) with the 2.7 GHz
12-core Intel® Xeon® Processor E5-2697 v2.

The simplest example of random sums is when

fi(z) = 4. (2.45)

The resulting limits are best expressed in terms of the function

1
et

B(z)

20



Using the notation given in Theorem 2.1, we have
N
Bow(z) =) |2[¥ = (1= [zY**)B(2).

=0

By repeated differentiation, we obtain
N
2Bin(2) = Y lal¥ = (N[N = (N + DI + 1)[2*B(2)
§=0
and
N
Byn(2) =Y 57121772 = (14 |2 = [PV (N?[2]* = (2N + 2N — 1)|2° + (N +1)*)) B(2)*.
5=0

Clearly, if |z| < 1, then
lim B()JV(Z) = B(Z)

N—oo

and

lim 2B n(2) = |2]>B(2)?,
N—o0

as well as

lim By n(z) = (1+ |2|%)B(2)*.
N—o00
The following follows from Theorem 2.1.

THEOREM 2.2 Let the sequence of functions {f;(z)}}, in the definition of the random

sum Sy(2) in (2.1) be given by (2.45). If |z| < 1, then we have

1 K2+ K2
lim hN,K(Z) _ _ef(K%+K§)/2B(z)B(Z) B(z) + ( 1+ 2) |Z|2
i

N—oo 2

21



Then for any vector K restricted to a circle of radius K > 0 we have

1
lim hyx(z) = —e K/POB()(B(2) + K?|2)?).
T

N—o0

Furthermore, if K 1is the zero vector, then we have

1
lim hyo(z) = =B(2).
T

N—oo

We note that, in all the cases considered, the limiting value of the density function
hy i (2) has |z|* — 2|2|> + 1 in its denominators. An exponential factor is present when K
is nonzero.

If now |z| > 1, then for all sufficiently large N we can write
Bon(2) ~ —|2[*" B(z)

and

2By N(2) ~ |z|2B(z)2,

as well as
Byn(2) ~ (L4 |2 = N2[2P¥(|2]* — [2]* + 1)) B(2)*.
The following follows from Theorem 2.1.
THEOREM 2.3 Let the sequence of functions {f;(z)}), in the definition of the random

J=0

sum Sy (2) in (2.1) be given by (2.45). If |z| > 1, then for all sufficiently large N we have

1
hv i (2) ~ ;G(K%K%)/?IZ\QNB(Z)

2 20,4 2 2 +1 |2 K} + K3
x B(2)" ¢ N*(|2]" = 2]+ 1) — B 1+2\z|2NB(z)

22



Then for any vector K restricted to a circle of radius K > 0 we have

1
hyk(2) ~ Z K2 /1PV B(2)

2 2114 2 2]> +1 |2[? K?

Furthermore, if K 1is the zero vector, then we have

1 |22 +1 | 2|2
o) ~ B2 (N?(\z\4—|z\2+1>— o )

Using the appropriate power sum formulas in Theorem 2.1, we obtain the following.

N

THEOREM 2.4 Let the sequence of functions {f;(z)};Z in the definition of the random

sum Sy(2) in (2.1) be given by (2.45). If z = £1, then we have

! (K2 + K2

Then for any vector K restricted to a circle of radius K > 0 we have

1 3K?
hy i (£1) = 1—e—K2/<N+1> IN + N? (1 + )

2w N +1

Furthermore, if K is the zero vector, then we have

1
hvo(£1) = 5-N(N +2).

In Figure 2.1, the left-hand plot is a grey-scale image of the density function hy i (2)
with N = 10 and K = (10, 10)". The right-hand plot shows the zeros obtained by generating
20,000 random polynomials and explicitly finding the zeros of the random equation Sip(z) =

K. The zeros cluster near the unit circle, and the density function does not have mass
23



concentrated on the real axis. There is no jump present near the real axis. For larger values

of K the effect is more pronounced.

Figure 2.1 Twenty thousand random degree 10 polynomials for the random equation

S10(2) =m0 +mz+m222 4+ ..+ 012t = 10 + 410

Also of interest are random Weyl polynomials in which

fi(z) = ﬁ,

(2.46)

also studied by Farahmand and Jahangiri [29], Littlewood and Offord [37,38], Offord [42],

and Vanderbei [52]. For this case, the limiting forms of the various functions defining hy x (2)

are computed by repeated differentiation. We have

N—o00 <

i i NP 1212
Jim By n(z) = lim ]z:; T =e

and
E

j—1D!z

lim By n(z) = lim Z(— =
0

N—o0 N—00 <
J:

24
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as well as
25—2
]| | |Z‘2+1) |z\

lim B, ny(z) = lim Z

N—o0 N—o0

Substituting these values into Theorem 2.1, we obtain the following result.

THEOREM 2.5 Let the sequence of functions {f;(z)}}, in the definition of the random

sum Sy(z) in (2.1) be given by (2.46). Then we have

2 2 2
hm hNK(Z) — le*(K%+K22)/2€\z|2 1 + (Kl + K22>|Z’ ]
N—o0 ’ T %¢lzl

Then for any vector K restricted to a circle of radius K > 0 we have

1 2 2|2 K2 2
lim hNK( )_ ﬂ_eiK Jel#l <1+ |Z| >

N—o00 €|Z|2
Furthermore, if K is the zero vector, then we have

i o) = 2

We note that the distribution of the real zeros becomes uniform over the real line.
The complex zeros are much more uniformly distributed than was the case when the factor
1/4/4! was not present. The pictures in Figure 2.2 show the density function hio k(z) and
the empirical distribution for 20,000 random sums when f;(z) = 27//j! and K = (10, 10)’,
that is, random degree 10 Weyl polynomials. The behaviour of the density function and the
empirical distribution for the random sums becomes very noticeable and intensified when K
is increased.

Next, let us assume that

fi(z) = (N) , L (2.47)



Figure 2.2 Twenty thousand random degree 10 Weyl polynomials for the random equation
Sio(2) =m0 + iz 4+ 122 /V2 + .+ 11020 /4/10! = 10 4 710

The random root-binomial polynomials were also studied by Farahmand and Jahangiri [29],

Littlewood and Offord [37,38], Offord [42], and Vanderbei [52]. The pictures in Figure 2.3

show the density function hyg i (2) and the empirical distribution for 20,000 random degree

10 root-binomial polynomials with K = (50, 50)".

By repeated differentiation, we can easily verify that

wa@__§5<N>|ﬂ” (122 + DN+ 1

‘=0 \J j4+1 (N4 1)|z?
and
N o
N 22] NZZ—]_ 22+1N—1
Bun(z) =3 (V) 2 (VR - (P )T -1
NI/ Gtz (N +1)z]7]
as well as

LN PP (P DY(POP — N A1) 1) < 2 -1
BQ’N(Z"Z( ) i1 N+ D+ 1) |

—\J

Jj=0
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Figure 2.3 Twenty thousand random degree 10 root-binomial polynomials for the random
equation Syo(2) = 19 + VB z + V151222 + ... 4+ /1/11n102"° = 50 + i50

If we now assume that |z| > 0, that is, except at the origin, for all sufficiently large N we

can write
2 N
Bon(z) ~ %
and
BLN(Z) ~ M’
z
as well as

By n(z) ~ N(|z)* + DV
We immediately get the following from Theorem 2.1.

THEOREM 2.6 Let the sequence of functions {f;(z)}}, in the definition of the random

sum Sn(z) in (2.1) be given by (2.47). Then for |z| > 0 and all sufficiently large N we have

(K2+K2)N|2|2/2(|22+1)N N?2*((K? + K3)N —2(]2)> + D)
2 (|22 + 1N '

hNyK(Z) ~e

27



Then for any vector K restricted to a circle of radius K > 0 we have

e ey NN — (J2f? + DV

h
wx(2) (22 + 1)V
Furthermore, if K 1is the zero vector, then we have
N2|Z’4
hyno(z) ~ ————————.
R

Finally, we consider examples of random trigonometric sums. The behaviour of the
density function hig g (z) and the empirical distribution for a family of 20,000 random sums
with f;(z) = cosjz for 0 < j < 10 and K = (50,50)" can be seen in Figure 2.4. Since
cos iy = coshy, these random truncated Fourier cosine series are real-valued on both the real
axis and the orthogonal imaginary axis. Figure 2.5 shows the corresponding behaviour for

the random truncated Fourier sine/cosine series defined by

(jZ) o
coS 5 if j is even,
fi(z) = .
1
sin (%) if 7 is odd.

The right-hand plot requires 10 days, 16 hours, and 48 minutes of Central Processing Unit
time to generate. The density functions for these examples have been studied by Vanderbei
[52] solely for the case when the 7; are i.i.d. random real Gaussian coefficients and K =
(0,0)". For this case, Vanderbei verified that the density function for the random truncated

Fourier sine/cosine series depends on the imaginary part of z only.

2.3 The Crossings of Random Orthogonal Polynomials
We shall now consider the case when the functions f;(z) are either polynomials p;(z)
orthogonal on the real line or polynomials ¢;(z) orthogonal on the unit circle. These or-
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Figure 2.4 Twenty thousand random sums of the first 10 terms in a Fourier cosine series for
the random equation Sig(2) = 179+ m1 cos 2419 cos2z+. ..+ 119 cos 10z = 50+150

thogonal polynomials have real coefficients, and are real-valued on the real line. We shall
examine these objects in turn. First, we let o denote a nondecreasing function with an infi-
nite number of points of increase in the interval [a, b]. Assuming that moments of all orders
exist, we say that a sequence of polynomials {p;(z)}32,, where the p;(2) have degree N, is

orthogonal with respect to the distribution da if

/pJ'(Z)pk(Z)da(z): i

From [5, Theorem 5.2.4] (see, also, [50, Theorem 3.2.2]), the Christoffel-Darboux formula for
orthogonal polynomials p;(z) on the real line can be stated as follows: Let k; be the highest
coefficient of p;(z). Suppose that the orthogonal polynomials p;(z) are normalized. Then

for complex variables z and w

kni1 z—w

S reptw) = 22 (pN+1<z>pN<w>—pN<z>pN+1<w>>. (248
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Figure 2.5 Twenty thousand random sums of the first 10 terms in a Fourier sine/cosine series
for the random equation Sip(z) = 1o+ sin 241, cos z+. . .4+1g sin 5z+19 cos 5z =

50 + 450
We proceed to find the representations for the kernels B, y(2) for 0 < r < 2. We shall

utilize the fact that the polynomials p;(z) are real-valued on the real line. Thus, we have that

p;(Z) = p;(z) for j > 0 and all z € C. First, setting w = Z, so that p;(w) = p;(Z) = p;(2),

and z —z = 2iIm(z) in (2.48), we obtain

Bux(2) = 3 i) = (Im(pN;ffjj’W”> . (2.49)

J=0

Second, for By y(z) we first take the derivative of (2.48) with respect to w to achieve

> (e (o) - o (pNH(z)p’N(wz:Zmz)p;w(w))
* _1 =2 Pi(Ips(w). (2.50)
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Then using z in the place of 7 and putting w = z, so that p;(2z) = p;(2) and p(w) = pj(2),

and Z — z = —2iIm(z) in (2.50), we obtain

By n(2) = ij 2)p;(2)

ko (m Wy (2 >—p—N+1<z>p9v<z>)  Buw(2)
2iIm(2) '

— 2.51
kNt (2:51)

Third, for By y(z) we first take the derivative of (2.50) with respect to z to attain

N

S ) — <p;v+1<z>p;v<w> —p&(z)p@(w))

kN1 zZ—w

J=0

kni1 (2 —w)?

ky <pNH<z>p;v<z>—pN<z>p;v+1<w>)

t o ij 2)p;(w 2229]
kn (pNH@)pN(w) <>pNH<w>>

kNt £ —w
N 1

Y )+ S B ),

Z— W “
j=0

Thus,

kn (Im(p'm(z)m}) B BLN(Z) i BI,N(Z> (2.52)

" kng Im(z) 2iIm(z)  2iIm(z)

We apply (2.49), (2.51), and (2.52) to Theorem 2.1 to obtain the following formula
for the density function hy g (2) for the complex zeros of random polynomials orthogonal on

the real line.
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THEOREM 2.7 Let the sequence of functions {f;(z) j-V:O i the definition of the random
sum Sy(z) in (2.1) be polynomials p;(z) orthogonal on the real line. For all integers N > 1

we have

1 K%+ K2)k 1
hN,K(Z):;eXp( (Y + By o m(z))

iy Im(py 1 (2)pn (2))
)G G) v ()~ eGP
T (py+1(2)pw (2)) ATm(py 41(2)pn (2))? 41m(z)?

L B+ Kk | Py ()P (2) = py+1(2)piy (2)]? Im(2)

= STm(pi 11 (=)pw (2))
_ Relpn (v () = v (IR() | !
Alm(py 1 (2)px (2)? $1m(z) m(py-1 (=)o (=)

Furthermore, if K is the zero vector, then we have

o™ =3 Im(pn1(2)pn (2)) 4Im(pn41(2)pn(2))? " (a2

1 (Im(p@(z)p&(z)) v G () — v @ )P 1 ) |

We remark that, when K is the zero vector in Theorem 2.7, we recover Equation
(1.5) of Theorem 1.1 in [55].
Next, the sequence of polynomials {¢;(2)}52, are orthogonal on the unit circle with

respect to a probability Borel measure p on T = R/27Z (i.e., the real line modulo 27) if
(10 0 d 6 _ 5.
p;(e”)pr(e?) dp(e”) = djp,
T

for all j,k € NU{0}. As remarked in [55], when p is restricted to be symmetric with respect

to conjugation, the sequence {(;(2)}32, will have real coefficients and, hence, be real-valued
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on the real line. From [49, Theorem 2.2.7], the Christoffel-Darboux formula for this sequence

of polynomials is that, for complex variables z and w with wz # 1,

Z 0:(2) 05 (w) = 90*N+1(w)SD*NH(i)_—miNH(w)SONH(Z)’ (2.53)

where

O = ZN@. (2.54)

z

As before, we find the representations for the kernels B, y(z) for 0 < r < 2. We recall that

the polynomials ¢;(z) are real-valued on the real line. Thus, we have that ¢;(Z) = ¢;(2) for

j>0and all z € C. First, from (2.53)

N

Bun(z) = 3 py(elioy(e) = =Tl (259

Jj=0

Second, for By y(z) we first take the derivative of (2.53) with respect to w and use ¢} (w) =

i1 (W) and oy 41(w) = on41(W) to obtain

; apj(z)—gog-(w) _ 807\//+1(w)907v+1(i)__£zv+1(w)@NH(Z) (2.56)
2(Ph (W) (2) — 90N+1(w)90N+1(Z))'

- (1 —w:)

Then putting w = z in (2.56) and applying (2.55) we obtain

Bin(z) = Z 0i(2)¢}(2)

_ SO%H(Z)%DTVH(Z) - SOIN+1(Z)<PN+1(Z) ZBO,N(Z)

. 2.57
ppE pPE (2:57)
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Third, for By y(z) we first take the derivative of (2.56) with respect to z to obtain

N PN (W)PR 1 (2) — Py (W) Py (2)
S () (w) = e £

W(oN 11 (W)Phi1(2) — onr1(w)oni1(2))

(1 —w52)?
2en (W) en11(2) — e (W)@ 14(2)) (2.58)

(1 —wz)?
O (W)Pn1(2) — v (w)pn+1(2)

(1 —w2)?
20z(py 41 (W) PN41(2) — pr+1(W)pn+1(2))
(1 —wz)3 '

_|_

_|_

+

Thus, putting w = z in (2.58), applying (2.55) and (2.59), and noting that

Z(PN41(2)eng1(2) — onvai(2)on+1(2)) — 2Bin(2)  ZBon(2)

(1—1z[?)? Col—z 1z
and
2(PN41(2)Ph41(2) = on+1(2) P (2)) _ 2By n(2) B |2* Bon (2)
(1—z?)? =22 (1 —[z*)?"
we obtain

Byn(z) = Z @;(Z)W

_ R ()P = o ()2 4 2Re(zBin(2)) | Bow(2)

. 2.59
pE L TIoep (2:59)

To facilitate the derivation of the density function hy g (2) for the complex zeros of random
polynomials orthogonal on the unit circle, we note that the formula for the density function
hn,k(z) in Theorem 2.1 contains the quotients (BoyBan — |Bi,n|?)/Bj y and | By y|*/B§ v -

We treat these quotients in turn.
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From (2.55) and (2.59)

N (@ (P v (2)ens(2)]?

Bon@Ben(a) = == T ey
_ N1 (2)on1(2)]? _ i1 (2) o1 (2)?
(- [P (1= 2P)
2BO,N RG(ZBLN(Z» + BO’N(Z)2
pPE EEER

From (2.59)

|Bin(2)]* = Bun(2)Bin(2)
_ R ()P | [ ()en(2))?
(1—[=]*)? (1—[z*)?
_ 2Re(pN41(2) PN (2)h i1 (2) on+1(2))
(1—[=?)?
2By n(2) Re(2Bin(2)) 2|2 By v (2)?
1— |z (1—z?)2

Thus, from (2.60) and (2.61)

(Iens1 () = len+1(2) )

Bon(2)Ban(2) = [Bin(2)* = (1—z[?)*
(

e (2)Enia(2) — e (2)ens(2) P

(1 —[2*)?
From (2.55) and (2.61)

|Bin(2)]?  (1-— ‘Z|2)|907\/I+1<2>90*N+1(Z) - SO/NH(Z)SDNH(Z)P

Bon(2)? (Jons1 ()P = lonsi(2)?)3
2Re(z(pn41(2)0n11(2) = Py yr (2)ont1(2)))
(Ions1 (D) = vy (2)]?)?
|2[?

(1= 1zP)(Ien 41 (2P = leva(2)1?)

+

We deduce from Theorem 2.1, (2.55), (2.62), and (2.63) the following result.
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THEOREM 2.8 Let the sequence of functions {f;(z)}Y., in the definition of the random

Jj=0

sum Sy(z) in (2.1) be polynomials p;(z) orthogonal on the unit circle. Let, further, the

polynomial o (z) be given by (2.54). For all integers N > 1 we have

1 K? + K2 1—1z?

2 o1 (2 = lons(2)]
y 1 e ()@ (2) — e (2)en+(2)
(1= [2])? (N1 ()2 = [on(2)[2)?

L K+ K3\ | (L= [2)leR (2)Ph i1 (2) — Oy (D) ena (2)]°
2 (leh 1 (21?2 = lon 1 (2)2)°

2Re(z(pn41(2)Pn11(2) — P (2)pn+1(2)))
([on1(2)2 = [ons1(2)]?)?

|2

T PGP — levn(2)P)

Furthermore, if K 1is the zero vector, then we have

hvo(z) = ~ 1 v ()@ (2) = o () e+ (2)?
S AN (v P — o PR

Finally, we remark that, when K is the zero vector in Theorem 2.8, we recover

Equation (1.6) of Theorem 1.1 in [55].
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CHAPTER 3

THE CROSSINGS OF RANDOM SUMS, PART I

An exact formula for the expected number of real zeros of a random polynomial was
obtained by Kac [34] under i.i.d., real, standard normal coefficients. For complex coefficients,
Dunnage [17,18] gave some estimates for the number of real zeros. For complex zeros, the
expected density of zeros was studied by Shepp and Vanderbei [48] for i.i.d., real, standard
normal coefficients and generalized by Ibragimov and Zeitouni [33] for a wider class of dis-
tributions of coefficients. Relevant to these investigations is the work of Kostlan [35]. The
expected density was dealt with, also, by Hammersley [32], Edelman and Kostlan [20], and
Farahmand and Grigorash [28]. Vanderbei [52] generalized the work in [48] to random sums
with holomorphic functions that are real-valued on R as basis functions. Motivated by the
studies conducted by Vanderbei [52] and Farahmand [26], the present authors [11] obtained
results on the level crossings of these random sums. The chief purpose of the present chapter
is to extend certain of these results.

In what follows, let {a;}, and {b;}}_, be sequences of mutually i.i.d., real, normal

random variables defined on the complete probability space (€2,.%,Prob) with mean zero

and variances {agj Mo and {agj No- As per usual, Q is a set with generic elements w, .7 is
a o-field of subsets of 2 and Prob is a probability measure on .%. Assume all sub o-fields
contain all sets of measure zero (see [19]). Let { f;}7_ be a sequence of holomorphic functions

fi(2) = uj(x,y) + iw;(z,y) for 0 < j < N and (z,y) € R? that are real-valued on R, so that
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fi(z2) = f;(Z) for 0 < j < N and all z € C. Define

S(2) = (a;+ib)) f;(2). (3.1)

Jj=0

It is of interest to study the number of times that S crosses a complex level. If, for each
compact subset T of C, Nz (T) denotes the random number of complex zeros, counted with
multiplicity, in 7" of S in (3.1) that cross the complex level K = K +iK5, where K; and Kj
are constants independent of z, then from [11], with probability one, the expected density

hg of the complex zeros of

S(z) = K (3.2)
is given by
B(NS(T)) = /T hic(2) d=. (3.3)

The explicit derivation of hg constitutes the primary reason for studying the zeros of (3.2).
The main device for treating hg throughout C is the Rice formula. This remarkable result

provides a representation for the expected number of zeros of certain random fields. It
is reproduced below from [8, Theorem 6.2, pp. 163-164]. (See, also, [2, Theorem 11.2.3,
Corollary 11.2.4, pp. 269-271], [6, Theorem 2.1, p. 256], and [7, Theorem 1, p. 3]).

THEOREM 3.1 Let Z: U — RY be a random field, let U be an open subset of RN and let
u € RY be a fized point in the codomain. Assume the following conditions are satisfied with

probability one:
(i) Z is normal.
(ii) Almost surely the function t ~ Z(t) is of class C*.
(1it) For eacht € U, Z(t) has a nondegenerate distribution—i.e., Var(Z(t)) > 0.

(iv) For each u € RN, Prob(3t € U: Z(t) = u,det(Z'(t)) = 0) = 0.
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If N2(B) denotes the number of zeros of Z(t) = u that belong to the Borel subset B C U,

then one has

E(N;/(B)) = /BE(!det(Z'(t))l | Z(t) = u) pz( (u) dt, (3.4)

where pzuy(w) is the probability density function of Z(t) at w. If B is compact, then both
sides of (3.4) are finite.

The function Z in (3.4) is defined on RY. In our application, we need to find the real
and complex zeros of (3.2)—i.e., the real zeros of Re(S(z+1y)) = K; and Im(S(z+1y)) = Ky
for (z,y) € R The conditions (i)—(iv) are easy to check. Formula (3.4) is interesting. It
shows that hk, as defined by (3.3), can be expressed through a conditioned mean function
of a quadratic form of i.i.d., real, normal random variables conditioned on certain linear

combinations.

THEOREM 3.2 Provided all the conditions imposed on S in (3.1) and T are satisfied, then

for all integers N > 1 one has

Iy — 1 ox _K12Y3+K§Y1—2K1K2Y2
21 Dy 2D3
< 3 D._ |Di|* (Y2 + Y3 (Y — KoYa) (K (Y +Y3) — Ka(Yi +Y3))
> D, Dy D3
B |Do? (Y14 Y5 B (K1Ys — KoY ) (K (Yo + Y3) — Ko(Yr + Y2))
Dy Dy D}
+|D1+iD2|2 Yy, (K1Ys — KoY5) (K Y, — KoYr)
Dy Dy D} ’
where
N N
Vis) = St ot ed), Vo) = 3 (02 — ok Ju,
7=0 7=0



and

Jj=0

Do) = \/Vi(2)Va(e) = Y2(2),  Dulz) = 3 (0% uy — i0f ) (uge + i),

N
Dy(2) =Y (o3 u; —ios v))(wje +ivje),  Ds(2) =Y (00, +07,)(u, +v2,),

=0 =0
where wj, = 0u;/0x and v, = 0v; /0.

2 2

In relation to the work in [11], let us first observe that when o = o;, = o? for

0<j<N

and

Dy(2) = 0*By(2), D (2) = Dy(2) = 0*By(2), Ds(2) = 207 By(2),

where

Bo(z) = Zlfj(2)|2, Bi()=) [()fi(),  Bal2)=) Ifi(2)*

Jj=0 J=0

Then
|Dy(2) +iDs(2)[* = |D1(2)” + | Da(2)]* = 20| Bi(2) [,

The following result is obtained by using these substitutions in Theorem 4.1, factoring and

simplifying.
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THEOREM 3.3 If 02], = agj =02 for 0 < j < N, then for all integers N > 1 one has

1 K} + K3 | By |2 K} + K3
hg = — 1 "2 B, — 1] 2t
K 7TBO <P ( 20’230 ) 2 QO'QBO

Then, as a consequence of Theorem 3.3, when o2 is set to be one, Theorem 1 in [11]
is recovered. Further, if K is the zero vector, Corollary 3 in [11] is recovered, which was
proved independently by Yeager [54] and one of the authors [36].

The following result follows, also, from Theorem 4.1.

COROLLARY 3.3.1 For all vectors K restricted to a circle of radius K > 0 and all integers

N > 1, one has

e o L K’V - Yy 1+ V5)
K= P 2D?

DI (Va+Ys KXY, —Ya)(Yi—Yo—1)
Do D3

D (it Ye KAV - Ye)(Ye - Yi 4 1)
Dy Dy D}

DD (e KNG - ) - 1)
D, D, D}
A special case of Corollary 4.1.1 follows.

COROLLARY 3.3.2 If K is the zero vector, then for all integers N > 1 one has

_ D2Ds — |Dy|2(Ya + Y3) — |Do2(Yy + Ya) + | Dy + iDs)?Ys

h
K 21D}

The proof of Theorem 4.1, in the spirit of the method credited to Ibragimov and

Zeitouni [33], is presented in Section 4.1. Finally, in relation to the works of Rezakhah and
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Shemehsavar [44] and Rezakhah and Soltani [45], an application of Theorem 4.1 entailing a

Brownian motion is given in Section 4.2.

3.1 The Density Function for Multivariate Normal Coefficients

The proof of Theorem 4.1 starts with the decomposition

S(Z) = X1 + iXQ,

where
N N
X Z(ajuj bjv;) X Z(CLJUJ + bju;)
7=0 7=0
If the column vector
X = (X1, Xy)

genuinely represents a two-dimensional random field, then, from the Cauchy—Riemann equa-

tions, for z = x + iy the Jacobian matrix of (z,y) — (X1, Xs) is

N N
D (ajuje = bjvi) D (45050 + bjusa)
vX = |’ 0 =0

-

I
o

N
(—avje — bjuje) Y (ajuje — bjvj,)
=0

J

and

N N
det(VX) = Z Z ((ajag + bjby) (Wjzpts + VizUks) + (a;bebjar) (vjuge — wjvy))

k=0

.
Il
o

N N
(a + b2 u — ij + Z Z ajar + bjbe) (Ujztke + VjgUks)

J= 0
#J

|
.MZ

<
I
o

+ (ajbk — bjak)(vjzukz - ijvka:))' (3-5)
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It is interesting to note that det(VX) is always nonnegative. Since N is fixed, T' contains

not more than a finite number of zeros of

X =K, (3.6)

where

K = (K, K. (3.7)

Since the set of zeros of (3.6) is of measure zero, assume 9T does not contain any zeros of
(3.6) and T does not contain any such zeros such that det(VX) = 0. Theorem 3.1 applies,
and

hi(z) = E(det(VX) | X = K) px, x,(K'), (3.8)

where p, , denotes the probability density of X. By (3.6), and since X; and X, are linear
forms with respect to a; and b; for 0 < j < N, hg is the conditional mean of a quadratic
form with respect to a; +ib; for 0 < j < N. This form can be calculated in terms of
components by means of multivariate analysis.

Based on the assumption that the scalar random variables are independent and nor-

mally distributed, the multivariate random vectors

a:(ag,...,aN)’, b:(bo,...,b]\/>/

are such that

Eaa,X 2ab,X
Cov(a,b|Y = K) = . (3.9)
Yba, X 2bbX

The elements can be computed using

Yobx = Tab — DaxExx T Xb (3.10)
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and the corresponding expression

Yap = E((a — E(a))(b - E(b))").

Since the distribution of a; and b; is central for 0 < j < N, E(a) = 0 and E(b) = 0. Then
clearly

Sap = E(ab). (3.11)

Thusly, the conditional expected values are expressed in terms of unconditional expected
values and covariances.

Then, if F(X;) =0 and E(X3) =0, E(X) = 0, whence, by (3.11),

E(X1X1) E(X1X) Vi Y
Sxx = = : (3.12)
E(X2X1) E(X2X>) Y, Vs

which implies that

det(Txx) =Y1Y3 — Yy >0,

if Xy and X5 are not strictly correlated. Thus,

Sy = hoh (3.13)
7 |y oy
Direct evaluation shows that
Yaa = E(aja) = o0, (3.14)
and
Sop = E(bjbi) = 6103, (3.15)
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for 0 <7 < N and 0 <k < N, where §;;, denotes the Kronecker delta.

and

Eab = E(a]bk) = O

Yba = 0.

Next, since E(a;X;) = agjuj and E(a;X,) = Ugjvj for 0 <5 <N,

whence

Yax = (agjuj agjfuj)7

agk

Analogously, E(b;X1) = —oj v; and E(b;X5) = oj u; for 0 < j < N. Then

whence

for 0 <k <N.

Yex = (—agjvj agjuj)a

2
Yixp =
2

Further, notice that

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Then, from (3.10), (3.13), (3.14), (3.18) and (3.19), for the jth row and kth column

2
23a,a.,X = 5jk0aj -

2 2

04,0,

YiYs — Y7

45

(Yivjor — Ya(ujor + vjur) + Yaujug).

(3.22)



Likewise, from (3.10), (3.13), (3.15), (3.20) and (3.21)

> %%,
Ebb,X = 5jk0b' - B}
VY — Y

From (3.10), (3.13), (3.16), (3.18) and (3.21)

2 2
0o, 0%,

W(Ylvjuk — Yo (ujur, — vjvg) — Yau,vg).
143 — 19

2ab,X = -

From (3.10), (3.13), (3.17), (3.19) and (3.20)

2 2
04 Oa,

W(Yiujvk — Yo (ujur, — vjvg) — Yav,uy).
143 — 129

Ybax = —
The mean function in (3.8) is then found by applications of
Ela| X = K) = E(a) + Z.xIx'x (K — B(X)),
which, for the aforesaid reasons, reduces to
Ela| X =K)=3.xXxxK.

From (3.7), (3.13), (3.18) and (3.26)

2
o,
E(a; | X = K) = m((fm@, — KyYo)u; — (K Yy — Ky Y1)vj).

From (3.7), (3.13), (3.20) and (3.26)

2
Oy

B e

46

(Yiujuy + Yo (ujv, + vjug) + Yav,0).

e ((Klyvg, — KzYé)'Uj + (K1Y2 — KQ}/:[)UJ)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)



Then, from (3.9), (3.22)-(3.25) and (3.27),

E(ajar | X =K)=FE(a; | X = K)E(ay, | X = K)+ Cov(a;,a; | X = K)

T4,%
- m((Kle — KoYs) ujup + (K1Y — KoY1)?vjuy,
o (3.29)

— (K\Ys — K,Ys) (KqYa — KaYa)(ujur + vjup)) + Oje0,

2 2

0a,0a,

o Y.Va — V2 (Y3ujuk + Ylvjvkz - Y2(Uﬂ)k + Ujuk))-
1£3 — L9

From (3.9), (3.22)-(3.25) and (3.28)

Ebiby | X =K)=FE(b; | X = K)E(b, | X = K) + Cov(b;, b, | X = K)
2 2
Tb; by, 2 2
= m((KIY‘Q — KQ}/l) ujuk + <K1Y:0, — KgYé) UjUk
+ (K1 Yy — KoY1) (K1 Vs — KoVa)(ujvp + vjug)) + dx0p, (3.30)

2 2
T4 O,

_ m(}ﬁujuk + Yavjup + Ya(ujv, + vjuyg)).
From (3.9), (3.22)~(3.25), (3.27) and (3.28)

E(ajby | X = K)=FE(a; | X = K)E(b; | X = K) + Cov(a;, b, | X = K)
agjagk ) )
= W((Kln - KZY']_) U]'Uk; — (Kl}/}) — K21/2) ujvk
2 (3.31)

— (K1Ys5 — KoY5) (K4 Ys — KoYh) (ujus, — vjv))
.. 0%,

- W(Ylvjuk — Ya(ujup, — vjv) — Yau,vg)
143 =7 49
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and

E(bja, | X =K)=E(b; | X = K)E(a, | X = K) + Cov(bj,ar | X = K)

2 2
bjaa
= m(([(ln — K2}/1)2Uj1)k _ (K1Y3 . K2Y2)21)juk
2

(3.32)
- (K1Y:°, - K2Y2)(K1Y2 - szl)(ujuk - Uj?)k))
oh .00,
_ W(Ylujvk — Y (ujup — vjug) — Yavjug).
P
Then, from (3.29) and (3.30),
1 2/ 2 2
E(ajar +bjby | X = K) = m((m}@ — KoY5) (05,05, uju
+ Ugjagkvjvk) + (K1Ys — KQ}/l)Q(ggjakujvk + agjagkujuk)
— (K13 — KYa)(K1Ya — KoV1)(ujoy, + vjug) (05,04, — 04.04,))
1
— W(Yl(agj ol Vv + sz op Uk ) (3.33)
P
+ Ya(ujor + vyur) (o3, 0, — 05 05,) + Ya(0s 07, ujur + 04, 0p vvk))
+ 5jk(02j + O'Ej).
From (3.31) and (3.32)
1 2/ 2 2
E(ajby —bja, | X = K) = m((KIYQ — KyY1) (UajUkajUk
— 04, 0a k) — (FK1Ys — KoYa)* (07 03, ujvr, — 03y 0, vjuy)
— (K1Y3 — KoYs) (K1 Ya — KoYi)(ujuy, — vjue)(0g,04, — 03,02,)) (3-34)
1
_ m(}ﬁ(agjagkvjuk — agjoikujvk)

2 2 2

+ Ya (vjvp — ujuk)(agj Oy, = 03,04, 2

) — Ys(03, 03, ujvr, — 03 04, Vi)
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Altogether, in view of (3.5), (3.33) and (3.34), after all the necessary simplifications,

N
E(det(VX) | X = K) =) (0o +03,) (13, +v},)
=0
| h+Yy (K Yy — KoY1)? + (K1 Ys — KoY5) (K Y, — KoYy)
ViYs = Y5 (V1Y — Y7)?
2
N
X Y (o7u; — io7 v;) (ujs + ivj)
=0
_ Yo+ Y3 _ (K1Y3—K2Y2)2+(K1Y3—K2YQ)(K1Y2—K2Y1)
V1Y — Y7 (Y1Y; — Y3)? (3.35)

2

N
X Z(szuj — iOngj)(ij + i’l)jx)
7=0

R (K,Ys — [5Y3) (K, Y — KaY))
YiYs — Y7 (Y1Ys — Y7)?

2

N
x> (02 u; — iy vy) +i(0p u; — o2 0)) (e + ivjz)
=0

Since X; and X, are random variables distributed according to the normal law, their joint

density is

(3.36)

(K) 1 K3}Y; — 2K, K»yYs + K3Y)
= ex — .
Pxq,X5 o /—Y.ly.g — Y,22 p 2()/1)/3 _ )/22)

Finally, in accordance with (3.8), (3.35) and (3.36), the required result is proved.
3.2 A Sequence of Observations of a Brownian Motion

If {A;}32, and {B;}52, are sequences of ii.d., real, normal random variables for

which the respective increments A; — A;_; and B; — B;_; are independent for j > 0 and
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A_; = B_{ = 0 by convention, then the increments

Aj=(Aj — Aj1) +i(Bj — Bj1)

are independent, real, normal random variables with mean zero and finite Var(A;) such that
Aj+iB; = Ag+---+Aj for j > 0. Then {A; +1iB;}32, can be interpreted as a sequence of
successive observations of a Brownian motion. More precisely, A; +iB; = W(t;) for j > 0,
where ty < t; < ...and {W(t)}2, is the standard Brownian motion. It is plain that Var(A;)
is the distance between the successive times ¢t;_ and t; for j > 0. Thus, the sum in (3.2)

assumes the form

S(z) = (A;j+1iB)) fi(z) = Y Fil(2) Ay, (3.37)
j=0 k=0
where N N
Fu(2) =) ujlz,y)+i Y vi(z,y) (3.38)
j=k J=k

for 0 <k < N and (x,y) € R?. In fact, {F}}i_, is a sequence of holomorphic functions that

are real-valued on R. Hence, Fy(z) = Fi(Z) for 0 < k < N and all z € C. Regard that the

covariance matrix of Ay is given by

0 ogk
for 0 < k < N. Then, from Theorem 4.1, the following result is attained.

THEOREM 3.4 Provided all the conditions imposed on S in (3.37) and (3.38) and T are

satisfied, then for all integers N > 1 the formula for hg in Theorem 4.1 now holds for

Dy(2) = \/Va()¥s(2) - Y3 (2),
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CHAPTER 4

THE CROSSINGS OF RANDOM SUMS, PART II

For real i.i.d. standard normal coefficients, the expected density of real zeros of a
random polynomial is given by an exact Kac [34] formula. For complex coefficients, Dunnage
[17,18] gave some estimates for the number of real zeros. For complex zeros, the expected
intensity of zeros was studied by Shepp and Vanderbei [48] for real i.i.d. standard normal
coefficients and generalized by Ibragimov and Zeitouni [33] for a wider class of distributions
of coefficients. The expected intensity was also dealt with by Hammersley [32], Edelman
and Kostlan [20], and Farahmand and Grigorash [28]. Then Vanderbei [52] generalized
the work in [48] to random sums with holomorphic functions that are real-valued on the
real line as the basis functions. Motivated by the studies conducted by Vanderbei [52] and
Farahmand [26], the present authors [11,12] obtained results on the level crossings of these
random sums. More precisely, the results were initially based on standard normal coefficients
and later extended for coefficients with unrestricted variances. Our interest in this chapter
is to answer the basic question about the expected number of complex zeros for coefficients
with nonvanishing mean values and unrestricted variances.

Let
N

S(2) = (a;+ib;) f(2),

5=0
where a; and b; are mutually independent and identically distributed, real, random vari-
ables such that a; ~ N(uq;,05,) and bj ~ N, 07,) and fj(z) = u;(z,y) + iv(z, y) are

holomorphic functions that are real-valued on the real line for 0 < j < N. By the Schwarz
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reflection principle, f;(2) = f;(%Z) for 0 < j < N and all z € C. Let us assume that 7" is a
manifold in the complex plane. Assume that T is compact and the boundary of T" does not
contain points for which S(z) = K, where K = K; + iK, with K; and K> being constants
independent of z. Assume, further, that the origin does not belong to 7.

Denote
N N

X1 =) (aju; —bjvy), Xo=) (a0 + bju;),

j=0 7=0

as the real and imaginary parts of S and
X — (Xb X2>/.

Then, from the Cauchy-Riemann equations, for z = x + iy the Jacobian of the random

transformation (z,y) — (X, Xy) is

N
(ajuje = bjvje) Y _(ajvje + bjuje)
0 =0

H'Mz

VX ="’

(—ajvje — bjuge) (ajujz — bjvje)

-
M-

<
Il

o
<
Il

o

where uj, = Ou;/0x and v;, = Jv;/0x.

Assume that there are no points in 7' for which both equalities S(z) = K and
det(VX) = 0 take place. Since N is fixed, T contains not more than a finite number of
zeros of X = K, where K = (K1, K,)'. If N3-(T) denotes the random number of complex
zeros, counted with multiplicity, in T" of S that cross the complex level K, then according

to Rice formula

E(N(T)) = / he(2) d, (4.1)
where
hie(2) = B(|det(VX)| | X = K) px, x, (K. (4.2)
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Here, p,, is used to denote the probability density of the random vector X. (See [2, Theorem
11.2.3, Corollary 11.2.4, pp. 269-271] and [6,7].) The explicit derivation of hg constitutes
the primary reason for studying the zeros of S(z) = K.

For the sake of brevity, let

(,Ua]UJ + M, uj) )

<.
Il
o

o

N

I
SR

2

2

=3

Q@

|
M- M- zMz

=

=

=

h@

M =

Then define

and

Dy(2) = Y (Bjal2) = idj2(2))f1(2), Ds(2) =) (o2 + 0 ) f(2)]

where

N

i(2) = 00wy — pa, B(X1),  Aja(2) = 0pv; — p1a, B(Xa),

Bji(2) = o5,0; + iy, E(X1),  Bja(2) = o3,u; — , E(Xa),

for 0 < 57 < N. The following theorem is proved in Section 4.1.
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THEOREM 4.1 For all integers N > 1 one has

hk
1 (K — E(X1))*Ys + (K, — B(X5))*Y1 — 2(K; — E(X))) (K2 — E(X3))Ys
~2rD, TP\ T 2D?
1D, |? (K1 — BE(X1))Y3 — (K — B(X3))Y5)?
Ao (o B )
Do (Y (K — B(X)Ys — (K2 — E<X2>>Y1>2>
D2 \! D2
n | Dy +iDy > — |Dy|?* — |D2|2>
D§
« v, - (K1 — E(X4))Ys — (Ky — E(X3))Y2)((Ky — E(X1))Ys — (K, — E(Xz))Yl)>
D§
(e _D%M' s- ) (K1 = BE(X0)Ys — (K2 — E(X2))Y2)
o (LD ;éM' = |2 ) (Ky = B(X)Ya — (s — B(X2))V1)

Several consequences of Theorem 4.1 are of special interest. They are used to recover
the key results from our work in [11] and [12]. These consequences are derived in Section

4.2.

4.1 A Generalized Density Function for Multivariate Normal Coefficients

In order to utilize (4.1) and (4.2), first note that for values of X; and X,

N N
det(VX) = Z Z (ajar + bibr) (Wjztpy + VjzUks) + (ajbr — bjag) (vju, — ujvg))
k=0

.
Il
o

N N
(CL + b2 ’LL T U]m + Z Z a;ar + b bk uyxukz + U]kax)

Jj=0 k=0
k#j

I
.MZ

<
I
<)
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+ (a;br — bjar) (VjpUky — WjzVkz))-

Thus, the evaluation of hg leads to the computation of the expected value of a quadratic

form det(VX) of i.i.d. random variables, conditioned on two linear combinations. We define

Zab = E((a — E(a))(b— E(b)))

for the generalized nonconditional covariance matrix of the two vectors a = (ag,...,ay)’

and b= (by,...,by)", and
Yabx = Tab — BaxSxx Zxb- (4.3)

Based on the assumption that all the scalar random variables involved are i.i.d., by standard

multivariate analysis,

Eaa,X Z:ab,X
Cov(a,b|Y = K) =

Yba, X ZbbX

and
E(a| X = K) = F(a) + SaxSxy (K — E(X)). (1.4)
The formula for E(b | X = K) is analogous.
Direct computation leads to the equalities
N N
E(X1) = (ttayu; — po,05),  E(X2) = (1a,vj + o, ug)-
=0

j=0 J
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Hence,

Now, since

and

it follows that

Yxx =
Y. Y3

Thus,
det(Txx) =Y Y3 — Yy >0,

if X7 and Xy are not strictly correlated. Hence,

1 Y3 =Y

-, Y

Expanding our definitions, we obtain Y44 x, 2, x; 2ab,x, and Xpe x as follows. For

the jth row and kth column

Yaa = E(ajar) — Ea;)E(ax) = jkgazj = HajHay>
Sop = E(bjbi) — B(b;) E(by) = 505, — v, by

Yab = E(ajar) — E(a;)E(br) = — ta; iy,
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2bCL - 2;b - _Mbj,uaka

where d;;, denotes the Kronecker delta. Since

E((a; —

it follows that

EaX = (Aj,l Aj,2)7

E(a;)) (X1 -

E(X1)))

Il
3
~
ES
g

N
Z(ajakuk — ajbkvk)> — pa; E(X1)

k=0
Aj,27
N
E(X1))) =E [ > (bjarur, — bibyoy) | — pu, B(X)
k=0
= —Dja,
N
E(Xy) = E | Y (bjarve + bibeug) | — pu, E(Xo)
k=0

= j’27

Yax = (—Bj,l Bj,2)

for 0 < j < N. Using (4.3), simple algebra then leads to

2
2aa,,X - 6jkaaj — Ha;May,

— (Aj,1Ak,1Y3 + A2 Ap oY1 — (Aj,lAk,Q + Aj,zAk,l)Yz)/(YlKa - Y22)7

2
2bb,X = 5jk<7bj — Mo Moy,

— (Bj,lBk,lys + Bj1Br2Y1 + (Bj,lBk,2 + Bj,QBk,l)Yz)/(YlY?) - YQQ),

Yabx = —lla; b,
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+ (Aj,1Bk,1Y3 — A 9By oY1 + (Aj,lBk;,Q — Aj,2Bk;,1)Y2)/(Y1Y§ - Y22)7
Yipa,x = — b, fay

+ (Bj1Ak1Ys — BjoAp oY1 + (BjoAky — BjaAga)Ys)/(Y1Ys — YQQ)
Using these in (4.4), we obtain

Ela| X = K) = pa; — (K1 — E(X1))Y3 — (K2 — E(X3))Y2) 454

J

+ (K2 — B(X2))Y1 — (Ky — E(X)))Ya)Aj2)/(V1Y; - Y5),

E®| X = K) =, + (K1 — E(X1))Ys — (K — E(X,))Y2) Bj s

— (K = B(X2))Y1 — (K1 — E(X1))Y2)Bj)/(Y1Y5 — Y5).
Thus, for the jth row and kth column

Elajar | X = K) = E(a; | X = K)E(ay | X = K) + Cov(aja, | X = K)
= Op0s, — (Aj1Ap1Ys + Ajo Ay oY1 — (Aj1Aps + A0 A1) Ya) /(Y5 = Y5)
— (K1 = B(X4))Ys — (K3 — B(X2))Y2) (pa; Akt + ta, Ajx)
+ (K2 — E(X2))Y:y = (Ky — E(X1))Ya)(ta; Arz + oy Aj2) /(V1Y5 = Y5)
+ (K — B(X1))Ys — (K — E(K))Y2) (K2 — E(X3))Y1 — (K — E(X1))Y3)
X (Aj1dre + Aj2Ain)/(NYs — V5)?
+ (K1 + B(X1))Ys — (K2 — E(X2))Y2)* Aj1 Ara

+ (K — E(X2))V1 — (K1 — E(X1)Yy Aj2Ar2)/(V1Ys — V57,

Ebiby | X =K)=E((b; | X =K)E(b;, | X = K)+ Cov(bjb, | X = K)
= 5jk0§j — (BjaBiaYs + Bj2BiaY1 + (Bj1Bra + BjaBi1)Ys)/(Y1Ys — Y5)
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+ (K — B(X0))Ys — (K — E(X3))Ya) (p, Bra + i, Bja)

— (K2 — B(X2))Y:1 — (Ky — E(X1))Ya) (o, Brz + p, Bj2) /(V1Y3 = Y5)

— (K1 = E(X1))Y; — (K2 — B(X2))Y2) (K2 — E(X2))Y1 — (K1 — E(X1))Y2)
x (BjaBrz + BjaBra)/ (V1Y — ¥5')°

+ (K1 = B(X1))Ys — (K2 — B(X»)Y2)*Bj1 B,y

+ (K — E(X»))Y1 — (K1 — E(X1))Y2)*) Bja Bra) /(V1Y3 = ¥5)?,

E(aby | X = K) = E(a; | X = K)E(by | X = K) + Cov(a;by | X = K)
= (Aj1BiaYs — Aj2BraYi + (Aj1Bip — A;j2Bia)Ya) [ (V1Ys — Yy)
— (K1 = B(X4))Ys — (K> — E(X3))Y2) (1, Ajx — pra, Bra)
+ (K2 — B(X2))Y1 — (K1 — E(X1))Y2)(Ha, Brz + 11, Aj2)) | (V1Ys — Y7)
+ (K1 = E(X1))Y; — (K2 — E(X2))Y2) (K2 — E(Xy))Y1 — (K1 — E(X4))Y2)
x (Aj1Brz — AjaBiy)/ (V1Y — ¥5)°
+ (K1 — B(X1))Ys — (Kp — E(X3))Y2)?A;,1 By

+ (K — B(X2))Y1 — (K1 — E(X1))Y2)?A;5Bi)/(Y1Ys — Y5)?,

Ea,| X = K) = E(b; | X = K)E(a; | X = K) + Cov(bja; | X = K)
= (Bj1AknYs — BjpApaYi + (Bja Ay — BiiAra)Ya)/(V1Ys — Yy)
— (K = E(X0))Ys — (K2 — E(X2))Y2) (b, Ak — pa, Bjn)
+ (K2 — E(X2))Y: — (Ky — E(X0))Ya) (o, Ak + b, Bj2)) /(Y13 — Y)
+ (K1 — E(X0))Ys — (K2 — B(X2))Y2) (K2 — E(Xy))Y — (K — E(X4))Y2)
x (Bj2Ar1 — BjaAia)/(V1Ys = ¥5)?

— (K1 — E(X1))Ys — (K3 — E(X3))Y2)?Bj1 Ak
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— (K — B(X2))Y1 — (K1 — BE(X1))Y2)?Bj2Ar2)/(Y1Ys — Y5)?.

Having obtained the four expectations above, we can now derive the required expectations

for computing the value of E(|det(VX)|| X = K). Thus, for j # k

E(ajar +bjb, | X = K)

= (K1 — B(X1))Ys — (K — E(X2))Y2)*(Aj1 A + Bj1Br)
+ (K1 — E(X0)Y1 — (K2 — E(X2))Y2)*(Aj2Akp + BjaBy2))/(V1Ys - Y5)
— (1 = E(X1))Ys — (K2 — E(X2))Y2)(pa; Akt + HaAja — o, Bey — b, Bjt)
+ (K2 — B(X2))Y1 — (K1 — E(X1))Ys)
X (fa; Ak2 + tay Aj2 + b, Bra + i, Bj2))/(Y1Ys — Y5)
+ (K1 = BE(X1))Ys — (K3 — E(X2))Y2) (K2 — E(X2))Y1 — (K1 — E(X1))Ys)
x (Aj1diz + AjpAry — BjaBra — BjaBia))/(V1Ys — Y5
+ (K1 = BE(X1))Ys — (K2 — E(X3))Y2)*(Aj1 Ak + BjaBi,a)

+ (Ko = B(Xo))Y1 — (K1 — B(X1))Y2)*(Aj2Ak2 + BjaBr2))/(Y1Ys — Y5)?,

E(ajb, — bja, | X = K)
= —((Bj1Ar1 — Aj1Br1)Ys + (Aj2Bra — Bj2Ak2)Ya
— (Aj1Brp + BjaAra — AjaBry — BjpAy1)Ya)/(Y1Ys - Y5)
+ (K1 = BE(X1))Ys — (K2E(X2))Y2) (Ha; B + b, Ak — o, Bia — b, Aj)
+ (K = E(Xo))Y1 — (K1 — E(X1))Ya2)
X (pn; A2 + tay Bj2 — py, Aj2 — pa; Br2))/ (Y1Ys — Yy)
+ (K1 = E(X1))Ys — (K — E(X2))Y2) (K — E(X2))Y1 — (K1 — E(X1))Y2)

X (Aj,lBk,Q + Bj1Age — AjoBr1 — Bj,2Ak,1))/(Y1Y3 — Y22)2
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+ (K1 — E(X1))Ys — (K3 — E(X3))Y2)*(Bj1Ar1 — Aj1Br)

T (Kz — E(X2))Yi — (K1 — E(X1))Y2)(A32Bps — BjaAi2))/(ViYs — Y2)2,

E(a;+b7 | X = K)
= (02, +03) — (A3, + B} )Ys + (A7, + B3,)Ys
— 2(Aj1 42 — Bj1B;2)Ya) /(Y15 — Y7)
—2[((Ky — E(X1))Ys — (K> — E(X2))Y1)(1aj Ajn — 1, Bja1)
+ (K2 = B(X:))Y1 — (K — B(X1))Y2)(1ta; Aj2 + 1, Bi2)l/ (V1Y — Y5)
+2(((K1 = B(X1))Ys — (K — E(X,))Ys) (K2 — E(X))Y1 — (K1 — E(X1))Ys)
x (Aj1dje — Bj1Bj2))/ (V1Y — V5)?
+ (K1 = B(X1))Ys — (Kz — E(X2))Y2)*(45, + B}4)

+ (Ko — E(Xa))Y1 — (Ky — E(X0)Y2)* (A7, + Bj,))/(V1Ys — ¥5)™

After all the necessary simplifications, since det(VX) is nonnegative,

N
E(det(VX) | X =K) =Y (02 +0; )(ul, +02,)

J=0

— (I1S1 — ISy — I3S3 — 1Sy — I555) / (Y1Ys — Y5),

where

I =Y3 — (Ki = B(X1))Ys — (K — B(X2))Y2)?/(V1Ys = Y5),

L =Y — ((Ki — B(X1))Ys — (K — BE(X2))Y1)?/(V1Ys = Y5),

I3y =Y + (K1 — E(X1))Ys — (K2 — E(X2))Y2) (K2 — E(X3))M
— (K1 — B(X1))Ya)/(V1Y3 = Y5),

Iy = (K1 — E(X1))Ys — (K — E(X2))Y,
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Is = (K> — E(X2))Y1 — (K1 — E(X41))Ye,
and

N N
Z Z lAk,l + Bj,lBk,l)(ujxuk:x + Ujacvka:)

+ (Bj1Aka — Aj1Bi 1) (VjpUke — WjzUka)),

N
Sy = Z ((Aj2Ak2 + Bj2By o) Wzt + VjzUks)

+ (Aj2Bio — Bj2Ak2) (Vjplky — UjpVky)),

N N
Sy = Z Z((Aj,lAk,2 + Aj2Ay1 — Bj1Bro — BjaBi) (Ujplke + VjgVks)

+ (A 1B+ Bj1 Ak — AjoBi1 — BjoAg2) (Viglks — UWjwVks)),

N N
Sy = Z Z((”%‘ Ap + fag Aj1 — b, By — o, Bja) (Wjatine + 02 0ks)

+ (fe, Aj2 + fra; Bro — to; Ak — Hay Bj2) (VjaUge — UjzVka)),
N N

Z fa; Ar2 + fa, Aj2 + o, Bra + Ly, Bj2) (Wjg Ui + VjpUss)
§=0 k=0

M

+ (o, Aj2 + fra; Br2 — o, Ar2 — tay Bj2) (Vjalre — UjeVks))-

On noting that

=[Di?, Sy =|Dsf,
Sy = |Dy +iDso|* — |Dy| — | Da|?,
Si=|M + D> = [M? — | D[%,
= |[M +iDs|* — |M[* — |Dy|?,
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after regrouping the terms, with a little algebra we can write

1

m(lﬂl% — D31
3 2

E(det(VX)| X = K) = Dj —
+ (D} +iD5|* — | Di” = [D3*) I3 — (|M + Di[* — |M|* — | Di|*) I
—(IM +iD3* — |MJ? — |D3|*)I5).

Now, the joint density of two random normal variables X; and X5 is given by

1 1
K, K,) = exp [ —=(K — E(X))Z% K—EX)
Pl K) = e (= (€ PO SRy~ F(X)
1
2N - Y

(K — B(X1))*Ys + (K, — B(XG))*Y) — 2(K) — E(X0)) (I — E(X))Y,
Xexp | — Z(YiYE)) — }/,22) .

This completes the proof of the theorem.

4.2 Some Ramifications
Theorem 4.1 has several interesting consequences. First, if p,, = pp, = p for 0 <

j < N in Theorem 4.1, then hg holds with some modifications to the auxiliary functions,

namely,
N N
E(X1)=p) (u—v), E(X)=pn) (uj+uv)),
7=0 7=0
2
N N
Vi) = (et o)~ S|
=0 j=0
N N N
Ya(z) =) (02 — oy Jugvy — p® | Y (uj—v) | | D (uj+0y) |,
=0 =0 =0
2
N N
Ya(z) =Y (on v} +opud) —p® | D (u;+vy) |
j=0 =0
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and

N N
Aju(z) = 02wy —p® Y (e —we), Aja(2) = 00 v — > > (u+ vp),
k=0

k=0
N N

Bji(z) = op.v; + pi° Z(Uk —w),  Bja(z) = opu; — pi? Z(Uk + vg),
k=0 k=0

for 0 < 7 < N. Observe that M is changed implicitly by the change in E(a; + ib;).
Further, if p,;, = pp, = 0 for 0 < j < N, then E(X;) = E(X;) = 0. Thus,
Aji =05 uj, Aja = o) vy, By = 0j vj, Bja = 0 uj, and M = 0. Consequently, Theorem 2

in [12] is recovered, which can be summarized as follows.

COROLLARY 4.1.1 If piq; = o, = 0 for 0 < j < N, then for all integers N > 1 one has

b 1 K3?Y3 + K2Y, — 2K, K»Y,
K= 9D, P 2D2
O P =1 (P A R 5 A W LT S PRy A1
D} D} D? D?
n |Dy +iD,|* — | D|? — | Do? Vi _ (K1Y3 — KoYy) (K Yy — KoY7)
D% 2 D(Q) )
where

N N N
}/1<Z> = Z(agju? + O'gj/l)]z), }/2(2) = Z(Ug] - O-gj>uj/0j’ }/3(2) = Z(OCZL]U]Z + Ugju?)7

N "
_ 2 a2 g al
mw—gmw Wﬂm@’m@ZE@ﬁ%WWW



Second, if agj = O'gj =02 for 0 < j < N in Theorem 4.1, then Y5(z) = —E(X;)E(X3)

and

Vi2) = SIHEP - (BOD)R, Vi) = o YOI - (B

Observe that

Aj1(2) —iBj1(z) = 0 f;(2) — E(X1)E(a; + iby),

Bj@(Z) — iAj72(z) = 02m+ ZE(XQ)E((IJ + Zb])

Altogether, the formula for hg in Theorem 4.1 holds with

Dy(z) = (UQij(Z)Z) — a2 |fi(2) ij(Z)E(@jJribj) ,

The form of M remains unchanged. Further, if y,, =y, = p for 0 < j < N,

N

E(X1)=p) (uj—v;), E(X2)=p> (u;+vy).

J=0 J=0

Then the formula for hx in Theorem 4.1 now holds with

Do(2) = (0"’ij(z)2) IO IAOIE
Di(z) = 0" 3 [ 1) (s = v5) D fi(2)Ea; +iby),



Dy(z) =0° Z fi(2) fi(2) +ip Z(Uj + v;) Z [i(2)E(aj + iby),
D3(z) = 2022|fj(2)|2~

Third, in Corollary 4.1.1 if the random variables a; and b; are i.i.d. with mean 0 and

variance 1 for 0 < j < N, then

Yi(z) = Ys(2) = Z!ﬁ(z)l% Yy(2) = 0,

so that

Do) = Y155

From

Aji(z) —iBji(2) = [i(2), Bja(z) —id;2(2) = fi(2),

it follows that

Di(2) = Ds(2) = ij(z)f}(Z), Dy(2) = 2Z!f§(2)!2-

Then immediate by Corollary 4.1.1 is the following consequence, which recovers Theorem 1
in [11].
COROLLARY 4.1.2 In the notation of Theorem 1 in [11], let
N

Bo(z) = Z|fj(z)|2a Bi(z) =) fi(:)fj(x), Balz) =) I

J=0 J=0

67



If crgj = agj =1 for 0 <j <N, then for all integers N > 1 one has

1 K? + K? Byl? K? + K?
hK Xp<_ 1+ 2> B2_| 0| <1_ 1+ 2)

"B 2B, B, 25,
Fourth, and finally, the following follows from Theorem 4.1.

COROLLARY 4.1.3 For any vector K restricted to a circle of radius K > 0 and all integers

N > 1, one has

(S (_ (I — B(X0))*Ys + (K — B(X5))*Y) - 2(K — B(X,))(K ~ E<X2>>Y2)
2D2

IDy? (Y (K~ B(X))Ys — (K E<X2>>Yz>2>
D;

[D,f? (Yl (K~ B(X))Ys — (K E(X»W)

D; D;
+ <‘D1 +iDy|” — |Di* — |D2\2>
D;
3 (Y (K = B(X))Ys = (K = BCG)Y) (K — B(X0)Ys — (K E<X2>>Y1>>
D;

) (K = E(X1))Ys — (K — E(X3))Y)

(M4 D = |MP? — Dy ?
Dg

| M +iDsf? — |[MJ? — |Do|?
+
Dj

) (K = E(X1))Y, — (K — E(X3))Y1)

Then immediate by Corollary 4.1.3 is the following result.

COROLLARY 4.1.4 If K 1is the zero vector, then for all integers N > 1 one has

hi

_ ! (E(X1))*Ys + (B(X,))*Y1 — 2B(X1) E(X2)Ys
T 2D, P\ T 2D?
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X {D3 _1Df (3/3 _(B(X)Y; — E(X2)1/2)2>

o
-
o

Dj

D2

|D2|2 (Yl (B(X)Ys - E(X»Y»ﬂ) .

|Dy|? —

E(X))Ys — B(X,)Ya)(E(X)Ys — E<X2>Y1>>

D2

+DyJ? - |M|2 |D1|2> (BE(X1)Ys — B(X3)Y,)

2 2 2
|M + Dy - rM| Dy ) (B(X)
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CHAPTER 5

THE CROSSINGS OF GAUSSIAN TRIGONOMETRIC POLYNOMIALS

The classical random trigonometric polynomial Z;VZO a; cos 70 with identically dis-

tributed standard Gaussian coefficients {aj}N

i—o Was studied by Dunnage [16]. He showed

the number of real zeros in the interval (0,27), other than a set of measure 0, is 2n/+/3 plus
an error term that is at most O(n''/13(logn)®13). Farahmand [22,24,25] later computed
the expected number of real zeros of the equation Zé\fzo a; cos j = K. He showed that this
asymptotic formula remains valid. This result for different assumptions on the distribution
of the coefficients was also obtained by Sambandham and Renganathan [47], Farahmand [23]
and others. A study involving coefficients with different means and variances was studied by
Farahmand and Sambandham [30]. It shows an interesting result for the expected number of
level crossings in the interval (0,27). Based on these works, the aim of the present chapter
is to study the complex zeros of a random trigonometric polynomial of a different form.
Let {a;} 7o, {b;}il0. {¢; 11 0, and {d; }}_, be sequences of real i.i.d. standard Gaussian
random variables. Let n; = a; +ib; and v; = ¢; +id; for 0 < j < N. Further, let z be the

complex variable x + iy. We consider the random trigonometric polynomial

N

D(z) = Z(nj cos jz + 7y, sin jz).
=0

It is of interest to study the number of times that D crosses a complex level. If, for each
compact subset T of C, NZ(T') denotes the random number of complex zeros, counted with

multiplicity, in T" of D that cross the complex level K = K; 4+ 1K,, where K; and K,
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are constants independent of z, then, with probability one, the expected density hg of the

complex zeros of

D(z) =K

is given by

E(NE(T)) = / hic(2) dz.

The explicit derivation of hx constitutes the primary reason for studying the zeros of D(z) =
K. The main device for treating hx throughout C is the Rice formula, which provides a
representation for the expected number of zeros of certain random fields. The following

theorem is proved in Section 5.1.

THEOREM 5.1 Provided all the conditions imposed on D in D(z) = K and T are satisfied,

then for all integers N > 1 one has

-1

N N
hg =exp | —(K? + K23) ZZcosthy WZcosthy
=0

=0
N 2
N > jsinh 2jy N
X Zj2cosh2jy— FZOV 1 - (K;+K3) QZcosthy
=0 Zcosh 271y 7=0
=0

It is of special interest to study the behavior of hg for large values of N. In Section

5.2 we prove the following corollary.
COROLLARY 5.1.1 One has

. 1
Wik e =0
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5.1 The Derivation of the Density Function
If
X = (X1, Xy)

denotes a two-dimensional random field in C, where

X7 = Re( Z a;j cos jx + ¢; sin jx) cosh jy + (b sin jx — d; cos jz) sinh jy),

D(z)) ((
Xy =Im(D(z)) = Z((bj cos jx + d; sin jx) cosh jy — (a; sin jo — ¢; cos jz) sinh jy).
-0

<
(=)

N
N

-

then the Jacobian matrix of the random transformation (z,y) — (X1, Xs) is given by

0X, 0%,
ox ox
VX =
0X, X,
dy Oy

Assume that there are no points in 7" for which both equalities S(z) = K and det(VX) =0
take place. Since N is fixed, T' contains not more than a finite number of zeros of X = K,
where K = (K;, K3). Then, by [2, Theorem 11.2.3, Corollary 11.2.4, pp. 269-271], the

expected density hg can be expressed through the conditioned expected value

hi(z) = E(|det(VX)| | X = K) px, x,(K'),

where px, x, (K1, K>) denotes the probability density of the random vector X at the point

indicated by K’. On noting that

N
0X
0_331 = Zj((cj cos jx — a;sin jz) cosh jy + (b, cos jx + d; sin jx) sinh jy),
=0
0Xs N~ b e — o ia) cosh . e
%——Zj((jsmjx— ; cos jx) cosh jy + (a; cos jx + ¢; sin jz) sinh jy),
=0
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N
0X
! Z j(aj cos jx + ¢;sin jx) sinh jy + (b; sin jo — d; cos jx) cosh jy),
ay =
Xy
8_2 = Z ((bj cos jz + d; sin jzx) sinh jy + (¢; cos jx — a; sin jz) cosh jy),
vy o=

with a little algebra we have

2
N

det(VX) = Z] cj cos jo — a;sin jx) coshy + (bj cos jo + d; sin jz) sinh jy
2
N
+ Z] aj cos jx + ¢; sinx) sinh jy + (b sin jo — d; cos jx) cosh jy)

Jj=0

N
ij((cjck + d;dy)(cos jx cos kZ + cos jZ cos kz)
/=0 k=0

N)Ir—\
<.

+ (ajay, + b;by)(sin jz sin kZ 4 cos jZsin kz)
— (d;by, + cjar)(cos jzsin kZ + cos jZsin kz)
— (bjdy, + a;ck)(sin jz cos kZ + sin jZ cos kz)
+ i(c;by — djay)(cos jzsin kZ — cos jZsin kz)
—i(bjcr — ajdy)(sin jz cos kZ — cos jZ cos kz)
— i(cjdy, — djcy)(cos jz cos kZ — cos jZ cos kz)

— i(a;by, — bjay)(sin jz sin kZ — sin jZsin kz)).

It is clear that det(VX) is always positive.

We now calculate the covariance matrices

Cov(a,b|Y =K), Cov(e,d|Y =K), Cov(a,c|lY =K),

Cov(b,d | Y =K), Cov(e,b|Y =K), Cov(a,d|Y =K),
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where

a = (aog,...,ay), b= (by,...,bn),

c=(co,...,cn), d = (do,...,dn),

and
z]aa,X Eab,X
Cov(a,b| X = K) =
Yba,x Db X
with
YabX = Xab — Eaxz&lxz}(b
and

o = E((a — E(a))(b - E(b))).

We first find ¥'x. Since E(X;) = E(X;) = 0, direct computation leads to

N
Z cosh 27y 0
E(X1Xy) E(X1Xy) s
Yxx = = N
E(X2X1) E(X2X) 0 Zcosh2jy
§=0
from which follows )
N
det(zxx) = ZCOSh 2jy
§=0
Thus,
1 10

)P
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For0<j<Nand O0< k<N

Saa = E((a - E(a))(a - E(a))) = E(aa’) = E(aja;) = (5;0),

where 9, denotes the Kronecker delta. Similarly,

2bb = 2cc = 2dd = (6_] )

Further,

z)a,b = z)ba, = 07 Z)cd = Z3dc - 07 z:a,c — Z)ca - 07

Ybd = Xap =0, Ygq=Xga =0.

Now, for 0 <7 < N

E(a;X;) = cos jx cosh jy, E(a;X3) = —sin jz sinh jy,
E(b;jX;) = sin jysinh jy, E(b;X2) = cos jx cosh jy,
E(cjX;) = sin jz cosh jy, E(cjX3) = cos jz sinh jy,

E(d;jX;) = — cos jxsinh jy, E(d;jX,) = sin jx cosh jy.
Thus, expanding our definitions, we obtain for 0 < j < N
Yax = (cos jzcosh jy —sin jzsinh jy),
Ypx = (sin jysinh jy cos jy cosh jy),

Yex = (sinjx cosh jy cos jx Sinhjy)a

Yax = (—cos jzsinh jy sinjz cosh jy)-
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Simple algebra leads to for 0 < j < Nand 0 <k < N

cos jz cos kzZ 4 cos jZcos kz

Yaa,x = Zbbx = 0ji —

)

sin jz sin kZ 4+ sin jZ sin kz
Z3cc,X = ZIdd,X = 5jk: - )
det(EXx)
1(cos jz cos kZ — cos jZ cos kz
2I.‘m,X - Zizb,X = - ( )7
det(ZXx)
i(sin jzsin kZ — sin jZsin kz
2dc,X = EIC(LX = - ( >>
det(ZXX)
cos jzsin kz + cos jzZsin kz
Eac,X = Ebd,X = - 5
sin jz cos kZ + sin jZ cos kz
Eca,X - Edb,X = - )
det(zxx)
Sex = 5 = i(sin jz cos kZ — sin jZ cos kz) |
’ det(zxx)
1(sin jz cos kZ — sin jZ cos kz
2da,X - E;d’X - - ( )
det(zxx)

Then the conditional expectations follow from

Ela| X = K) = E(a) + Z.xXx'x (K — B(X)).

Thus, for 0 <3 < N

— K cos jx cosh jy + Ky sin jx sinh jy

Eb| X =K)= — Ky sin jasinh jy — K cos jx coshjy’
det(Exx)

Elc| X =K) = — Ky sin ja cosh jy — K cos jx Sinhjy’

Ed|X =K)= K cos jxsinh jy — Kgsinjxcoshjy'
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Next, for0<j< Nand 0 < k<N

E(ajar | X = K)=FE(a; | X = K)E(a; | X = K) + Cov(aja, | X = K)

B K? cos jx cosh jy cos kx cosh ky + K2 sin jx sinh jy sin kx sinh ky
B det(zxx)
K1 Ky(cos jx cosh jy sin kx sinh ky + sin jx sinh jy cos kx cosh ky)

cos jz cos kZ + cos jZ cos kz

2\/(1613(2)()() ’

+ 0k —

E(biby | X =K)=FE((b; | X =K)E(b, | X = K)+ Cov(bjb; | X = K)
B K? sin jx sinh jy sin kz sinh ky + K3 cos jx cosh jy cos kx cosh ky

n K, Ks(sin jx sinh jy cos kx cosh ky + cos jx cosh jy sin kx sinh ky)
det(sz)
cos jz cos kzZ + cos jzZ cos kz
+ 5jk - )
2 det(zxx)

E(cje, | X =K)=E(¢; | X =K)E(¢), | X = K) + Cov(cjer | X = K)

B K? sin jx cosh jy sin kx cosh ky + K2 cos jx sinh jy cos kx sinh ky
N K, Ks(sin jx cosh jy cos kx sinh ky + cos jx sinh jy sin kx cosh ky)

sin jz sin kZ + sin jZ sin kz

2\/det(2xx) ,

+ 05 —

E(d;dy, | X = K) = E(d; | X = K)E(dy, | X = K) + Cov(d;dj, | X = K)

K7 cos jasinh jy cos kx sinh ky 4+ K3 sin jx cosh jy sin kx cosh ky
N det(EXX)
K1 Ky(cos jx sinh jy sin kz cosh ky + sin jx cosh jy cos kx sinh ky)

det(zxx)
sin jz sin kZ + sin jZ sin kz

2\/det(zxx) 7

7

+ 65 —




E(aby | X =K)=FE(a; | X = K)E(b; | X = K) + Cov(a;b, | X = K)
B K? cos jx cosh jy sin kx sinh ky — K2 sin jx sinh jy cos kx cosh ky

det(zxx)
N K1 K5(cos jx cosh jy cos kx cosh ky — sin jx sinh jy sin kz sinh ky)

i(cos jz cos kzZ — cos jZ cos kz)

2\/det(zxx) ’

E(bjar | X = K) = E(b; | X = K)E(ay, | X = K) + Cov(bjax | X = K)

_ KPsin jasinh jy cos kx cosh ky — K3 cos ja cosh jy sin kx sinh ky

det(zxx)
N K1 K5(cos jx cosh jy cos kx cosh ky — sin jx sinh jy sin kz sinh ky)
det(zxx)

i(cos jz cos kZ — cos jZ cos kz)

2\/det(zxx) 7

E(cjdy | X = K) = E(¢; | X = K)E(dy | X = K) + Cov(cjdy | X = K)

_ —KZPsin ja cosh jy cos kx sinh ky 4+ K3 cos ja sinh jy sin kx cosh ky
n det(Exx)
K1 Ky(sin jx cosh jy sin kx cosh ky — cosjz sinh jy cos kx sinh ky)
+ det(zxx)
i(sin jzsin kZ — sin jZ sin kz)

2\/det(zxx) ’

E(djer | X = K) = E(d; | X = K)E(c; | X = K) + Cov(djex | X = K)

_ —K7 cos jasinh jy sin kx cosh ky 4+ K3 sin ja cos jy cos ka sinh ky
B det(Xxx)
K1 K(cos jx sinh jy cos kx sinh ky — sin jz cosh ky sin kx cosh ky)
B det(zxx)
i(sin jz sin kZ — sin jZ sin kz)

2\/det(zxx) 7
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E(ajer, | X =K)=FE(a; | X = K)E(¢;, | X = K) + Cov(ac; | X = K)

B K? cos jx cosh jy sin kx cosh ky — K2 sin jz sinh jy cos kx sinh ky
N det(zxx)
K1 K5(cos jx cosh jy cos kx sinh ky — sin jz sinh jy sin kx cosh ky)

cos jzsin kzZ + cos jzZsin kz

2\/d€t(zxx) ’

E(cjar | X =K)=FE(¢; | X = K)E(a, | X = K) + Cov(cja; | X = K)

B K? sin jx sinh jy cos kx sinh ky + K3 cos jx cosh jy sin kx cosh ky
B det(Xxx)
K, Ky (sin jx sinh jy sin kz cosh ky — cos jx cosh jy cos kx sinh ky)
+ det(EXx>
sin jz cos kZ + sin jZ cos kz

2\/d€t(zxx) ’

E(bid, | X =K)=E(b; | X =K)E(d; | X = K) + Cov(b;d;, | X = K)
B —K?sin jx sinh jy cos ka sinh ky + K3 cos jx cosh jy sin kx cosh ky
B det(Zxx)
K, Ky (sin jx sinh jy sin kz cosh ky — cos jx cosh jy cos kx sinh ky)
* dot(Zxx)
cos jzsin kz + cos jzZsin kz

2\/det(zxx) ’

E(djby, | X = K) = E(d; | X = K)E(b, | X = K) + Cov(d;b, | X = K)

_ —K7 cos jasinh jy sin kx sinh ky 4+ K3 sin ja cosh jy cos kx cosh ky
N det(zxx>
K1 Ky(cos jx sinh jy cos kx cosh ky — sinjx cosh jy sin kz sinh ky)

det(sz)
sin jz cos kZ + sin jZ cos kz

2 det(zxx)

Y
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E(bjcr | X = K)=E(b; | X = K)E(c; | X = K) + Cov(bjcy | X = K)

B K? sin jz sinh jy sin kx cosh ky + K2 cos jx cosh jy cos kx sinh ky
N det(EXX)
N K1 Ky(sin jzx sinh jy cos kz sinh ky + cos jx cosh jy sin kx cosh ky)

i(cos jzsin kZ — cos jZsinkz)

2\/det<zxx) ’

E(eiby | X = K) = E(¢; | X = K)E(by | X = K) + Cov(c;by | X = K)

_ KPsin ja cosh jysin kx sinh ky 4+ K3 cos jx sinh jy cos kx cosh ky
n det(EXX)
K1 Ky (sin jx cosh jy cos kx cosh ky + cos jz sin jy sin kz sinh ky)
* det(zxx)
i(sin jz cos kZ — sin jZ cos kz)

2\/det(zxx) 7

Elajdy | X = K) = E(a; | X = K)E(d), | X = K) + Cov(a;dy | X = K)

_ —K7 cos ja cosh jy cos kx sinh ky — K3 sin ja sinh jy sin kx coshky
n det(zxx)
N K1 Ky(cos jx cosh jy sin kx cosh ky + sin jz sinh jy cos kx sinh ky)

det(ZXx)
i(cos jzsin kzZ — cos jZsinkz)

2\/det(zxx) 7

E(djay | X = K) = E(d; | X = K)E(a, | X = K) + Cov(dja; | X = K)

_ —K7 cos jasinh jy cos kx cosh ky — K3 sin ja cosh ju sin ka sinh ky

N K1 K5(cos jx sinh jy sin kz sinh ky + sin jx cosh jy cos kx cosh ky)
det(zxx>
i(sin jz cos kZ — sin jZ cos kz)

2\/(1613(2)()()
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We combine these in appropriate sums in order to compute the value of E(det(VX) | X

K). Thus, for 0<j< Nand 0 <k <N

E(ajak + bjbk | X = K) =

E(cjck + d]dk | X = K) =

E(djbk + Cjag | X = K) =

E(b]dk + a;Cy, ‘ X = K) =

E(Cjbk — djak | X = K) =

E(bjck - ajdk | X = K) =

K? + K2)(cos jz cos kZ + cos jz cos kz
1 2 J J
2det<zxx)
cos jz cos kZ + cos jzZ cos kz

det(zxx)

+ 201,

(K? + K2)(sin jz sin kZ + sin jZ sin k2)
_ sinjzsin kZ 4 sin jZsin kz
det(sz)

+ 20,1,

(K? 4+ K3)(sin jz cos kZ + sin jZ cos kz)
2 det(zxx)
sin jz cos kz + sin 5z cos kz

)

(K? + K2)(cos jzsin kZ + cos jZ sin kz)
2det(Xxx)
cos jzsin kZ + cos jZsin kz
det(Xxx)

Y

i(K? + K2)(sin jz cos kzZ — sin jZ cos kz)
2det(Exx)
i(sin jz cos kZ — sin jZ cos kz)
det(Zxx)

Y

i(K? + K2)(cos jzsin kz — cos jZsin kz)
Qdet(zxx)
i(cos jzsin kzZ — cos jZsin kz)

det(zxx)

Y
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i(K? + K2)(sin jz sin kZ — sin jZ sin kz)
E(dek — dek ‘ X = K) = — L 2 2det(2XX>

i(sin jz sin kZ — sin jZ sin kz)

det(zxx)

Y

i(K? + K2)(cos jzsin kz — cos jZ sin kz)

E(ajbk —bjak | X = K) = —

i(cos jzcoskZ — cos jz coskz)
det(zxx) ’
After all the necessary simplifications, we have
E(det(VX) | X = K)
N N
= Z ij; ;1 (cos jz cos kZ + cos jZ cos kz)
j=0 k=0
1 K2+ K3
+ d,,(sin jz sin kZ 4 sin jZsin kz) — — 2 2

X | (cosjzcoskZ + cos jz cos kz)(sin jz sin kZ + sin jZ sin kz)

— (cos jzsin kZ + cos jZ sin kz)(sin jz cos kZ + sin jZ cos kz)

+ (cos jzsin kZ — cos jZ sin kz)(sin jz cos kZ — sin jZ cos kz)

— (cos jz cos kZ — cos jZ cos kz)(sin jz sin kZ — sin jZ sin kz)

N
1 K} + K3
_9 2 ook iy — _ 1 2
Zj cosit gy ( det(Txx) 2det(Zxx)

J=0

N N
X Z Z 25k sinh 25y sinh 2ky

=0 k=0
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N 2
2 sinh2jy
N — 2
=2) j°cosh® jy — = I
= det(Xxx) 2y/det(Xxx)

Since X; and X, are random variables distributed according to the normal law, their joint

density is

1

27T\/det(ZXx>
1 . K} + K3
= X e ———————————3 I
27T\/det(zxx) P 2 det(EXX)

Combining this with the above expression for F(det(VX) | X = K), the required result is

leXz(K17K2) =

oxp (3K - BV S35 (K - B(X))

obtained.

5.2 The Asymptotic Behavior

In this section we prove the corollary. For brevity’s sake, let us write

1 K? + K3 B? K? + K3
hpw — —— 1 -2 B,— =L |11 "2
K ’7TBO s < 2BO > 2 BO 2BO ’

where

N N N
By = Zcosh 27y, By = stinh 27y, By = ij cosh 2jy.
j=0 j=0 j=0

We shall make use of the identity

By = cschysinh(N + 1)y cosh Ny.
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We have

1
B = §(N cschysinh(N + 1)y sinh Ny

+ (N + 1) esch(N + 1)y cosh(N + 1)y cosh Ny — (cothy)By)

and
1
B, = Z((N2 + (N +1)2 = 1)By — 4(cothy) B,
+ 2N(N + 1) eschy cosh(N + 1)y sinh Ny).
Then
lim By = oo.
N—o0
Further,
B 1 N+1 1
]\}1_{1;0 Néo = ]\}1_{1;05 (tanh Ny + il coth(N + 1)y — Ncothy)
1 ify>0,
-1 ify <0,
and
_ By .1 2 4 B 2(N +1)
AN g, T A g (“ N~ yleothy) (NBO> LY
=1.
Altogether,
1 1 K? + K3 By B\’ K? + K3
lim —hg = lim — S— 2 - e —
Novoo N2'E T NI 7 P ( 2B, ) N2B, (NBO> By

=0.
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CHAPTER 6

CONCLUSION

The aim of this dissertation was to study the distribution of the complex zeros and
level crossings of random sums with holomorphic functions that are real-valued on the real
line as the basis functions. Our main results were obtained through refinements of existing
methods and techniques from random fields first pioneered by Rice [46] and applied by
Ibragimov and Zeitouni [33].

In Chapter 2 we computed an explicit formula for the expected density of the complex
zeros and level crossings of a family of random sums constructed from sequences of i.i.d.
random complex standard Gaussian variables and sequences of given holomorphic functions
as basis functions. We applied this result to several practical choices of basis function
that include random Weyl polynomials, random root-binomial polynomials, and random
truncated Fourier sine and cosine series. We obtained limiting behavior for the density
function and plots of the density function and empirical distributions of the zeros with
these chosen basis functions. Further, we considered random sums whose basis functions are
polynomials orthogonal on the real line and orthogonal on the unit circle.

In Chapter 3 we generalized the main result from Chapter 2 for random variables
with zero mean and general variances. We applied this more general density function to
random sums constructed from a sequence of successive observations of a Brownian motion
and obtained an explicit density function for the complex zeros of random sums constructed

in this manner.
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In Chapter 4 we considered the distrubtion of the zeros of random sums with coef-
ficients of nonvanishing means and general variances. The main result generalizes results
from Chapters 2 and 3.

Finally, in Chapter 5 we applied the Rice formula to a certain random trigonometric
polynomial. We obtained an explicit density function for the complex zeros and investigated
the asymptotic behavior of the density function.

There are several directions for future work. First, a modification of the method
used could be applied to the case of random sums constructed from real standard Gaussian
random variables. This would provide an alternate proof of the results in [48,52], as well
as similar results on complex level crossings. Second, a modification of the method used in
[36,48,52,54,55], which utilizes Cauchy’s argument principle and the Cholesky decomposition
of a covariance matrix, to obtain the expected density of the level crossings would provide a
second proof of the main result in Chapter 2. Third, a continuation of the work in Chapter

5 would involve the derivation of a central limit theorem.
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